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PREFACE. 



I HAVE endeavoured in this Manual to collect aud 
arrange all those ElemenfcEiry Q-eometrioal Propo- 
sitions not given in Euclid which a Student will 
require in his Mathematical Course. The neces- 
sity for such a Work will be obvious to every per- 
son engaged in Mathematical Tuition, I have 
been frequently obhged, when teaching the Higher 
Mathematics, to interrupt my demonstrations, in 
order to prove some elementary Propositions on 
which they depended, but which were not given 
in any book to which I could refer. The object 
of the present little Treatise is to supply that 
want. 

The following is the plan of the Work. It 
is divided into five Chapters, corresponding to 
Books L, TI., III., IV., VI. of BncKd. The 
Supplements to Books I.-IV. consist of two Sec- 
tions each, namely. Section I., Additional Propo- 
sitions ; Section II., Exercises. This part will be 
found to contain original proofs of some of the 
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most elegant Propositions in" Geometry. The 
Supplement to Book YI. is the most important ; 
it embraces more than half the work, and consists 
of eight Sections, as follows : — I., Additional Pro- 
positions; II,, Centres of Similitude; III., Theory 
of Harmonic Section ; IV., Theory of Inversion ; 
v., Coasal Circles ; VI., Theory of Anharmonic 
Section ; VII., Theory of Poles and Polars, and 
Reciprocation ; VIII., Miscellaneous Exercises. 
Some of the Propositions in these Sections havo 
first appeared in Papers published by myself ; but 
the greater number have been selected from the 
writings of Chasles, Salmon, and Townsend. 
For the proofs given by these authors, in some 
instances others have been substituted, but in 
no ease except where by doing so they could ba 
made more simple and elementary. 

The present edition is greatly enlarged : the 
new matter, consisting of recent discoveries in Ge- 
ometry, is contained in a Supplemental Chapter. 
Several of the Demonstrations, and some of the 
Propositions in tliis Chapter, are original, in par- 
ticular the Theory of Harmonic Polygons, in Sec- 
tion VI. A large number of the lliscellaDeous 
Exercises are also original. 

In collecting and arranging these additions 
I have received valuable assistance from Professor 
Neuberg, of the University of Liege, and from 
M. BROCARn (after whom the Brooard Circle is 
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named). The other ■writers to -whom I am iu- 
detted are montioned in the text. 

The principles of Modem G-eometry contained 
in the Work are, in the present state of science, 
indispensable in Pure and Applied Mathematics,* 
and in Mathematical Physies;t and it is important 
that the Student should become early acquainted 
with them, 

JOHN CASEY. 

86, SOTITK OlRCULAU RoAD, 

DuBMH, Aug. 31, 1886. 

* See Cbalmees' " Graphiciil Detflmimiti i of Forces in 
Engineering Stnicturaa," and Ldvj a Statiq le CrripMquo." 

t See Sir W. TioniBon's Papers on Elechoatntios nnd Mag- 
netiem"; Clerk Maiwell's "Eleetnoity 
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Tht: following selected Course is recommended to 
Junior Students : — 

Book I.— AddifJonal Propodtiona, 1-22, inclusive. 

Book II. — ,, ,, 1-12, iDoIusive. 

Booklll. — ,, ,, 1-28, incluaiTO. 

Boot ly.— ,, ,, 1-fl, omitting fi, 7. 

Boot VL— „ „ 1-12, omitting 6, 7. 

Book VI.— SwtionB II., III., lY., V., VI., VII., omitting 
Proof oi Feuerbaoh'fl Theorem, page 105 ; Prop. 
XIV., page 109 ; Second Proof of Prop, xti., 
pnge 112 ; Second Solution of Prop, x., p. 123. 
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BOOK FIRST. 



AdDITIOJIAI. PfiOPOSITIONS. 

Im tlie following pages the Propositions of the text of 
Euclid ■will he referred to by itoman numerals enclosed 
in hrackets, and those of the work itself by the Arabio. 
The number of tho book will bo given only when diffe- 
rent from that under which the reference occurs. 

For the purpose of saving space, tic following 
symbols will be employed : — 

Circle will be denoted by O 

Triangle 

Parallelogra 

Parallel 

Angle 

Perpendicular ^ 

In addition to the foregoin 
usual symbols of Algobra, and other contractions whose 
meanings will he so obvious as not to require expla- 
nation. 



3 shall employ the 
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2 A SEQUEL TO EUCLID. 

Prop. 1. — The diagonah of a piwallelogram liseet each 
other. 

Let ABCD be tlie c^, its diagonals AC, BD bisect 
each otlier. 

Dem.— Because AC, meets the |[s AB, CD, the Z 
BAO=DCO. In like manner, ^ 

the ZABO = CDO (xsix.). 
and the side AJB = side CD 
(xssiY.); .■- AO = OC; 
BO = OD(xxvi.) 

Cor. 1. — n the diagonals ^ _ '' 

ol a quadrilateral bisect each other it is a en. 

Cor. 2. — If the diagonals of a quadrilateral divide it 
Into four equal triangles, it is a C3. 

Prop. 2. — The line TiF, drawn through the miidU point 
D of the side AB of a triangle, 
parallel to a second side BC, 
bisects the third aide AC. 

Dem.— Through C draw OF 
II to AB, meeting EE produced 
in P. Since BOFD is a c=>, 
CF = BD (xxxiT.); hut BD 
= AD (hyp.) ; .-. CF = AB. 

Again, the Z I'CE = DAE, and Z EFC = ADE (xxix.) ; 
.-. AE = EC (xxvi.). Hence AC is bisected. 
Cor.— DE - i BC. For DE = EF = ^ DF. 

Prop. 3. — The line DE which j'oim the middle points 
D and E of the sides A3, AC of a triangle is parallel to 
the hose BC. 

Dem,— Join BE, CD (fig. 2), then A BDE = ADE 
(xxxviii.), and CDE - iDE; there- * 

fore the A BDE = CDE, and tlie 
line DE ia || to EC (xsxix.). 

Cor. 1 .—If D, E, F be the middle 
points of the sides AB, AC, BC o£ 
a A, the four As into which the 
linesDE,EF,rD divide the AABG i 
are all equal. This follows from 
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(xxxiv.), because the figures ADFE, CEDF, BPED, 

Cor. 2. — If througli tlie points D, E, any two || s be 
drawn meeting the base EC in two points M, H, the 
□ DENM is = i A ABC. For DENM = □ DEFB 

Dkp. — W7tm three or more lines pass through the same 
point thet/ are said to be concwrent. 

Prop. i.—~The lisectors of the three sides of a triangle 
are coneurrent. » 

let BE, CD, the bisectors of 
AC, AB, intersect in 0; the 
Prop, will be proTed by show- 
ing that AO produced bisects 
EC. Tlirough B draw BG || 
to CD, meeting AO produced 
in G ; join CG. Then, be- 
cause DO bisects AB, and is 
II to BG, it bisects AG (2) in 
0. Again, because OE bisects 
the aides AG, AC, of the A 

AGC, it is 11 to GO (3). Hence the figure OBGC is 
a c:i, and the diagonaLs bisect each other (1) ; .', BO is 
bisected in P. 

Cor. — The biaectora of the aides of a A divide each 
other in the ratio of 2 ; 1. 

Because AO = OG and OG = 20E, AO = 2pF. 

Prop. G.—The middlepoints E, P, G, H of the sides AC, 
BC,AD,BDo/(wo«««^?9«ABC,ABD,oi " 
AB, are the angular points « 

of a parallelogram, whose 
area is equal to half sum 
or half difference of the areas 
of the triangles, aeeording as 
ihe^ are on opposite sides, 
or on the same side of (he 
common lose. 

Hem. 1. Let the As 
be on opposite sides. The 
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* A SEQUEL TO EUCLID. 

figure E!FnG ia eviiiently a [=i, since the opposite sides 
EF, GH arc eaoli || to AB(3), and = jAB (Prop. 2, Cor.). 
Again, let tie linea EG, FH meet AB in the points 
M, B"; then □ EFSM = i A ABC (Prop. 3, Cor. 2), 
and □ GHNM = -J A ABB. Hence □ EFHG = 
i(ABC + ABD). 

Dem. S. — "When XBC, ABD are on the same side 
of AB, we have eyidently i=i EFGH = EFJSM - 
GHHM = ^(ABC - AED). 

Cbservation. — The second case of this proposition may be 
inferred from tte first if we make the convenlion of regarding the 
sign of the area of tte A AED to change from positive to nega- 
tive, when the A goes to the other side of the hase. This affords 
a simple instance of a convention iiniveisally adopted hy modem 
geometers, namely — when a geometrical magnitnde of any kind, 
which vaiies oonlinuouely acoordinc to any law, passes through a 
zero yalue to give it the algebraic signs, plus and minue, on diffe- 
rent sides of the zero — in other words, to enppose it to change 
sign in passing through zero, onlees zero is a maximum or mini- 



Prop. 6. — ^ two equal triangles ABC, ABD he on the 
same base AB, iut on opposite sides, the line joining the 
vertices C, D is bisected by AB. ^ 

Dem. — Through A and B 
draw AE, BE || respectively 
to BD, AD ; join EC. 'Sow, 
since AEBD is a □, the 
A AEB = ADB (xxxiv.) ; but J' 
ADB = ACE (hyp.) ; .-.AEB 
.= ACB ; .-. CE is [| to AB 
fxxxix.j. Let CD, ED meet 
AB in the points M, N, respec- 
tively. B"ow, since AEBD is 

a r=3, ED ia hiseeted in N (1) ; and since NM is |] to 
EC, CD is bisected in M (3). 

Cor. — If the line joining the vertices of two As on 
the same hase, hut on opposite sides, be l)isected by the 
iase, the As are equal. 

Prop.?. — If the opposite sides A.'B,GJ)ofaqmdrilateral 
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P, and if 0, H be the middle joints of (he 
AC,BI>,"the D 
trimgh PGH = ^ the 
quadrilateral ABCD. 

Dem. — Bisect the 
sides EC, AD in Q and 
E;ioiaQH, QG, QP, 
RH, KG. ■ NoMT, since 
QG is |] to AB (3), ii 
produced it will bisect 
PC ; then, since CP, 
joimng the veiticea of " 

the As CGQ, PGft on the eame base GO,, but on oppo- 
site eidea, 13 bisected by GQ produced, the A PGQ 
= CGQ (Prop. 6, Cor.-) = i ABC. 

In like manner PHa = -^BCD. Again, the a GQHE 
= HABD-ABC)(5); .-. AaGH = iABD-iABC: 
hence, APGH = i(ABC+B0D + ABD-AJ3C) = Jijua- 
drilateral AECD. 

Cor. — The middle points of the three diagonals of a 
complete quadrUateral are collinear {i. e. in the same 
right line). For, let 
AD and BC meet 
in S, then SP will 
be the third dia- 
gonal; join S aadP 
to the middle points 
G, H of the dia- 
gonals AC, BD; 
then the As SGH, 
PGH, being each 
c; i q^uadrilateral 
ABCD, arL. = to one 
another ; ,■, GH 
cts SP , 




(6). 

Dbp. — ^ a vartaUe point moves aceorditig to any law, 
the path whieh it deserihes is termed its locus. 

Thus, if a point P moves so as to he always at the 
same distance from a fixed point 0, the locus of P is 
a ©, whose centre is and radius = OP. Or, agaiUj ii 
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A and B be two fised points, and if a variable point P 
moves so tkafc tbe area of the A ABP retains the same 
value during the motion, the loons of P will he a right 
line ]| to AB, 

Prop. 8. — If KB, CD be two lines given in position 
and magnituie, and if a point P moves so that the sum 
of the m-em of the triangles ABP, CBP is given, the locus 
of P is a right Une. 

Dem.— Let AB, CD intersect 
off OB - KB, and OF = CD ; joi 
PP ; then A APB 
= OPE, and CPD = 
OPE ; hence the sum 
o£ the areas of the As 
CEP, OEP is given; 
.■. the area of the 
quadraateral OEPP is 
given; hut tie A OEF 
is evidently given ; .■. . 
the area of the A EFP '^ 
is given, and the base "V"-- 

EF is given ; .'. the locus of P is a right line 1| to EF. 

Let the loeus in. iftis qiieBtionba tie dotted line in the diagram. 
It 13 evident, when the point P coincides with E, the area of tha 
A CDP vamahea ; and when the point E paaaea to the other side 
of CD, such 09 to tJie point T, the area of the i CDP must be 
regarded as negative. Similar lemarlts hold for the A APB and 
the line AB. This is an instance of the principle (see 5, Tiote) 
that the area of a A passes from posiliva to negative as compared 
with any given A in its own plane, when [in the course o£ any 
continuous change) its tierltx erossei Us base. 

Cor. 1.— If m and n be any two multiples, and if 
we make OE = mAB and OF = wCD, we shall in a 
similar way have the locus of the point P when m times 
A ABP + « times CDP is given ; viz., it will he a right 
line II to EF. 

Gor. 2. — If the line CD be produced through 0, and 
if we take in the line produced, OF' = wCD, we shall 
get the locus of P when m times A ABP - n times 
CDP is given. 

Cor. 8.— -If three lines, or in general any number of 




y Google 



BOOK I. 7 

lilies, be given in magnitude and position, and i£ m, n, 
p, f, &o., be any system o£ multiples, all positive, or 
aomo positive and some negative, and if the area of 
m times A ABP + w times CDP +p times GHP + &e,, 
be given, the locus of P is a right line. 

Cor. 4. — If AJBCD he a quadrilateral, and if P be a 
point, so that tlie sum of the areas of the As ABP, 
C3)P is half the area of the quadiilateral, the locus 
of P is a right line passing through the middle points 
of the three diagonals of the quadrilateral. 

Prop, 9. — 3b divide a given h»e AB info heo parts, 
the Mfferenee of whose siptares ihall he equal to the square 
of a given line CD, t. ^ 

Con. — Draw BE at 
right angles to AB, ^ 

and make it = CD ; ^ "^ 

join AE, and make ^^ / 

the Z AEF = EAB; ^■' / 

then F is the point -^^ L. — 

required. "* r _ _ 

Dem Because the Z AEP = EAF, the side AF 

»FE; .-. AF = PE= = PB= + BE'; .-. AE=-PB'=BE'; 
but BE* = CD' ; .-. AP= - FB= = CD=. 

H CD be greater than AB, BE will be greater flisn AB, and 
the L EAB will be greater than the L AEB ; tenoe tte lino EP, 
wMch mates with AE the L AEF = L EAB, will feU at the 
other side of EB, and the point F will be in the line AB produced. 
The point F ia in this case a point of external division- 
Prop. 10. — Qivm the iase of a triangle in magnitude 
and position, and given also the diference of the squares of 
its sides, to find the hews of its vertex. 

Let ABO be the A whose base AB is given ; let fall 
the -L CP on AB ; then 

AC= = AP' + CP ; (xlvii.) 

BC* = EP= + CP^ 
therefore AC= - BCP = AP' - BP' ; 

but AC - ECMs given ; .-. AP- BP^is given. Hence 
AB is divided in P into two parts, the difforence of 
whose squares is given ; .■. P is a given point (9), and 
the line CP is given in position ; and since the point 
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must be always on the line CP, thu loous of C Ib a right 
lino J, to the base. 

Cor. — The three -Ls of a A are coaeurrent. Let 
the is frora A aad E on the opposite aides be AD and 
BE, and let bo the point of intersection of these Xb. 
Now, AC=- AB' = OC'-OB'; (10) 

and AE^ ~ BC= = A= ~ OC ; 

therefore AC= - EC = OA' - OB'. 
Hence the Une CO produced will be X to AB. 

Frop. 11. — 1/ perpendiculars AE, EF be drawn from 
the extremities A, B of the hose of a triangle on the in- 
ternal bisector of the vertical angle, the line f 
middle point G of the base 
to the foot of either perpen- 
iHottlar is eqtud to half the 
difference of the sides AO, 
BC. 

Dem. — Produce BE to 
D ; then in the As EOF, 
DOF there are evidently A^ 
two Zs and a eide of one 
= respectively to two Za 
and a side of the other; 
.■.CD=CBandFD=FB; 
hence AD is the diSerenee ^ 

of the sides AC, EC ; and, sinco F and Q are the 
middle points of the sides BD, BA ; .■.FG = ^AD 
= J (AC - BC). In like manner EG - ^ (AC ^ BC). 

Cor. 1. — By a similar method it may be proved that 
lines drawn from the middle point of the base to the feet 
of Xs from tho extremities of the base on the bisector oi 
the external vertical angle are each = half snm of AO 
UidBC. 

Cor. 2.— Tho Z ABD is =^ difference of the base angles. 

Cor. 3.— CBD is = half sum of the base angles. 

Cor. 4. — The angle between CF and the X from 
on AB = i difference of the base angles. 

Cor. 5. — AID = difference of the base angles. 

Cor. 6,— Given tho base and the difference of the 
sides of a A, the locus of the feet of the Xs from the 
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extremities of the base on tlie bisector o£ the internal 
vertical/ is a circle, whose centre is tte middle point of 
the base, and wlose radius = half difference of the sides. 
Cor. 7. — Given the base of a A and the sum of the 
sides, the locus of the feet of the J.s from the extremi- 
ties of the base on the bisector of the external vertical 
Z is a circle, whose centre is the middle point of the 
base, and whose radius = half sum of the sides. 

Prop. 12. — The three jierpendiewlars to the sides of a 
iritmffle at (heir middle points are concurrent. 

Dem. — Let the middle points bo D, E, P. Draw 
1?G, EGJ-toAB,AO, 
and let these is meet 
in G ; join GD : the 
prop, will be proved 
by showing that GD 
isJ-toBC. Join AG, 
BG, CG. 2^"ow,inthe 
As AFG and Bl'G, 
since AF=PD,andFG 
cominon, and the Z 
AFG = EFG, AG is 
= GB (iv.). la like manner AG = GC ; hence BG = GC. 
And since the As BDG, CDG have tho side BD = DC 
and DG common, and the base BG = GC, the /. BDG 
= CDG (viii.) ; .-. GD is -L to EC. 

Cor. 1.— If the bisectors of the sides of the A meet 
in H, andGHbe joined a 

and produced to meet 
any of the three J-s 
from the Zs on the 
opposite sides ; for in- 
stance, the X from A 
to BC, in the point I, 
suppose; then GH = J- 
HI. ForDH=iHA . 
(Cw., Prop. 4). B 0. o 

Cor. 3.— Hence the Xs of the A pass through the 
point I. This is another proof that the Xs of a A are 
eoEourrent. 
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C<yr. 3.— The lines GD, GB, GE are 
= iIA, ^IB, ^10. 

Cor. 4.— The point of ooncurrenee of ±s from the 
Zs oa the opposite sides, the point of conourrenee of 
bisectors of sides, and the point of eoneurrenee of Xa 
at middle points of sides of a A, are ooUinear. 

Prop. 13. — If two trianyhs ABC, ABU, be on the 
sameiaseABandbe- „ „ 

ttaeen the same paral- 
lels, and ifaparallel 
to AB interseet the 
Urns AC, BC, in E 
and F, and the lines 
AD, BD, in G and 
H, EF !* = GH. 

Dem. — If not, let GrH be greater than EP, and cut 
ofl GE = EF. Join AE, EB, ED, AF ; thou (xxxviii.) 
A AGE = AEF, and DGE = CEE, and (xxxvB.) ABE 
= ABE ; .■- tte quadrilateral ABED = A ABC ; but A 
ABC = ABD ; .'. the quadrilateral ABED = A ABD, 
wHoh is impossible. Honce EF = GH. 

Cor. 1. — If instead of two As on the same base and 
between the same [|s, we have two As on equal bases 
and between the samo |[s, tie intercepts made by the 
sides of the As on a || to the line joining the vertices 
aro equal. 

Cor. 3. — Tho line drawn from the vertex of a A to 
the middle point of the basD bisects any line parallel to 
the base, and terminated by the sides of the triangle. 

Prop 14 — Tit tmeriie a sgmie m a triangle. 



y Google 



Con.— let ABC be the A : let fall tlie -L CD ; cutoff 
BE = AD ; join EC ; liaect tlio Z EDO by the line DF, 
meeting EC in E ; through E draw a |[ to AB, cutting 
tho aides BC, AC in the points G, H ; from G, H let faU 
the ±B GI, HJ : the flguro GIJH ia a gquare. 

Dem. — Since the ZEDC is bisected hy DE, and the 
Zs K and L right angles, and DE common, EK = EL 
(xsvi.); butEL = GH(Prop.l3, Cor.l), andEE=.GI 
(xxxiv.) ; .-. GI = GH, and the figure IGHJ is a sijuare, 
and it is inscribed in the triangle. 

Cor.— li we bisect the Z ADC by tbe line DF, 
meeting EC produced in F', and through E' draw a 
line II to AB meeting EC, and AC produced in G', H', 
and torn G', H' let faU ±s G'l', H'J' on AB, we shaU 
have an escribed square. 

Prop. 15.— 2i» divide a given line AB into any number 
of equal parts. 

Con. — Draw through A any line AF, making an /. 
with AB ; in AE take any point C, and cut off CD, DE, 
EF, &o., each = AC, 
until we have aa many 
equal parts as the 
number into which we 
want to divide AB — 
say, for instance, four 
equal parts. Join BE; 
anddrawCG,DH,EI, 
each II to BE; then AB J*- o h i n 

is divided into four eq^ual parts. 

Dem. — Since ADH is a A, and AD is bisected in C, 
and CG is |[ to DH ; then (2) AH is bisected in G ; 
.'. AG = GH. Again, through C draw a liae || to AB, 
cutting It's and EI in K and L ; then, since CD = DE, 
we bave (2) CK = KL ; but CX = GH, and EL = HI ; 
.-. GH = HI. In like manner, HI = IB. Hence the 
parts into which AB is divided are all equal. 

This Pinposution may be enunciated as a theorem aa follotra : — 
'' ° le Eido of a A be divided into any number of equal parte, and 
' '^ ' ' ' ■■ ■ ■ '■ ' " ■■ "le base, these [a 

rf equal partB, 
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Prop. 16. — If a line AB le divided iKio (m + n) equal 
parts, and si^pcieeA.C contains m of these parts, and CB con- 
tains n of them. Then, if ^ 
from the points A, C, B """ 
perprndrndars AD, CF, 
BE be let fall on amy 
line, then mBE + mAD 
-(« + »)CF. 

Dem. — Draw BH 
II to ED, aad through 
the points of diYision of 
ABimagLaelmes drawn 
|[ to EH ; these linos will divide AH into m + » equal 
parts, audCG into » equal parte; .-. n times An=(»i+») 
times CG ; and since DH and BE are each = GF, we have 
» times HD + m times BE = (»s + ») times GF. Hence, by 
addition, « times AD + m times BE = (j» + n) times CF. 

Dep. — The centre of mean position of any number of 
points A, B, C, D, Sfe., is a point which may be found 
as follows : — Bisect the Une joining any two points AB 
in G, join Q to a third point C, and divide GO in H, 
ao that GH = i GO ; Join 'K to a fourth point D, and 
divide HD in K, so (WHK = JHD, and s» on: the last 
point found mil be the eentre of mean position of the 
system of points. 

Prop. 17. — If there he amy system of points A,B,0,D, 
whose number is », and if perpendiculars be let fall fi-om 
these points on any line L, the sum of the perpendiculars 
from all the points on L is equal n times the perpendicular 
from the eentre of mean position. 

Dem. — Let the -Ls be denoted by AL, BL, CL, &c. 
Then, since AB is bisected in G, we have (16) 

AL + BL = 2GL; 
and since GC is divided into (1+2) equal parts inH, so 
that HG contains ono part and HC two parts; then 
2GL + CL - 3H1 ; 

.-. AL + BL + CL = 3HL, &c., &e. 
Hence the Proposition is proved, 
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Coy. — If from any number of points -La be let fall on 
any line passing tirougli their mean centre, the sum of 
the ±8 is zero. Hence some of tho -Ls must be nega- 
tive, and. we have the sum of the _Ls on the positive 
side ec[iial to the sum of those on tho negative side. 

Prop. 18. — We mat/ extmS the foregoing Definition as 
follows : — Lei there he arvg system of points A, B, C, D, &'e., 
and a corresponding si/stem of multiples a, h, e, d, ^e., 
commetedmth them; thendmdethe li^e joining thepoints 
AB into (» + S) equal parts, and lei AG eontain h of these 
parts, ofid GB eontain a parts. Again, Join Q toa third 
point C, and divide GC into (a + i + c) equal parts, and let 
GH eontain c of these porta, endTIC the remaining parts, 
and so on; then the point last found toill le the mean 
eentrefor the st/stem of multiples a, l, e, d, Sfe. 

From tliia Definition we mayproTO exactly the same 
as in Prop. 17, that if AL, BL, CL, &e., be the ±a 
from the points A, B, C, Sea., on any line L, then 

B . AL + 5 . BL + c . CL + -^ . DL + &c. 

^{a + h + e + d^- &o.) times the -L from the contre of 
mean position on the bno L. 

Def. — If a geometrical magnitude varies its position 
eontinueush/ according to ang law, and if it retains the 
same value throughout, it is said to le a constant; lut if 
it goes on increasing for some time, and then begins to 
decrease, it is said to he a maximum at the end of the 
increase : again, if it decreases for some time, and then 
begins to increase, it is a minimum when it cotjtmences to 
increase. 

Trom these Definitions it will be seen that a maxi- 
mum value is greater than the ones -which immediately 
precede and follow ; and that a rainimiim is less than 
the value of that which immediately precedes, and less 
than that which immediately follows. "We give here a 
few simple but important Propositions bearing on this 
pai't of Geometry, 
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Prop. 19. — Hwough a ginen point P to draw a line 
which shall form, with two given lines CA, OB, a triangle 

Con.— ThrougiiP draw 
PD II to CB ; cut off AD 
= CD ; join AP, and pro- 
duce to B. Then AB is 
the line required. 

Dam. — Let EQ be any , 
other lino through P ; ' 
draw AM |] to CB. Ifow, 1 
haye AP = PB ; and the As APM and ftPB have the 
Zs APM, AMP respectively equal to BPQ, BQP, and 
the eidea AP and PB equal to one another; .-.the 
triangles are equal ; hence the A APE. is greater than 
BPU : to each add the quadrilateral CAPQ, and we get 
the A CQE greater than ABC. 

Cor. \. — The line through the point P w^hich cuts 
off the niinimum triangle is bisected in that point. 

Cw. 2. — If through the mid- i 
die point P, and through any 
other point D of the side AP of j, 
the A A£C we, draw lines || to 
the remaining sides, so aa to 
form two inscribed C3 s CP, CD, 
then CP is greater than CD. 

Dem. — Through D draw 
GE, BO as to be bisected in D ; b (4 

then the A ABC is greater than CQE; but the cna 
are halves of the As; hence CP is greater than CD. 

A very simple proof of this Cor. can also be given by 
means of (xliii.) 

Prop. SO. — When two sides of a triangle are given in 
magnitude, the a/rea is a maximum, when they contain a 
right tmgh. 

Dem.— Let BAG bo a A having the Z_A right; 
■with A as centre and AC as radius, describe a © ; 
take any other point D in the circumference; it is 
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evident the Frop, will lie proved by sliowing that tho 

A BAC is greater thaa BAD. 

Let fall the ± DE; then 

(xis.) AD is greater than 

DE; .-. AC is greater than 

DE ; and since the base AJB 

is common, the A ABC is 

greater than ABB. 

Cor. — If the diagonals of 

ft quadrilateral ho given in 

magnitude, the area is a maxi 

right angles to each other. 

Prop. 21. — Given two points, A, B : it is required to 

find a point V in a given line L, so that AP + BB jway be 

a minimum. 

Con.— From B let faU the -L BO on L ; produce 

EC to D, and make CD = CB ; join AD, cutting L in 

P ; then P is the point 

required. 

Dem. — Join PB, and 
take any other point C 
in L ; join AQ, QB, QD. 
How, since BO = CD and 
CP common, aud the Za 
at C right Zs, we have 
BP=PD. Inlikemannor 
Eft=ttD; totieseeciuala ■* 
add respectively AP and AQ, and 'n 
+ PB, and Aa + QD = Aft + QB ; hut AQ + QD is 
greater than AD ; .-. AQ + QBia greaterthan AP + PB. 
Cor. 1. — The lines AP, PB, whose sum is a mini- 
mum, make equal angles with the lino L. 

Cor. 2. — The perimeter of a variable A, inscribed in 
a fixed A, is a minimum when the sides of the former 
make equal Zewith the aides of the latter, Eor, sup- 
pose one side of the inscribed A to remain, fixed wHle 
the two remaining sides vary, the sum of the varying 
sidea will be a minimum when they make equal Zs 
with the side of the fixed triangle. 
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Cor. 3. — Of all polygons whose Yeriieea lie on fixed 
liaea, that of minimum perimeter is the one whose 
several angles ate hiseoted externaHy by the lines on 
■which they move. 

Prop. 83. — Of all triangles having the smne lose imd 
area, the perimeter of an isosceles triangle is a minimum. 

Dem. — SJQce the As are all equal in area, the vertices 
must lie on a line 1| to the hase, and the sides of an 
isosceles A will evidently make equal /.a with this 
parallel ; hence their sum ia a minimum. 

Cor. — Of all polygons having the same number of 
sides and equal areas, the perimeter of an equilateral 
polygon is a minimum. 

Prop. 23. — A^ large mimher of deiucihles may le given 
in eonneccion with lEuelid, fig.. Prop, xlvii. We insert a 
fme here, confining owsehes to those that may be proved 
hy the First Book. 

(I). The transvorso lines AE, BK are -L to each 
other. Por, in the As ACE, BCK, which are in every 
respect equal, theZ EAC 
= EEC, and the Z AQO 
= KQO ; hence the angle 
AOQ = KCQ,andis.-. a *■ 
right angle. 

(2). AKCE = DBF. 

Dem, — Produce KC, 
and let fall the J- EN. 
How.theZACN-BCE, 
each heing a right angle; 
.■.theZACB = ECS',and 
Z1BAC=ENC, each being 
a right angle, and side 

EC = CE ; hence (xxvi.) - - " 

EN = ABandCH' = AC;hutAC=CK:;.-.CN=CK, and 
the A ENC = ECE (xxsTiii.) ; but the A EHO = ABO ; 
honce the A ECE = ABO. In lihe manner, the 
A DBE = ABC ; .-. the A ECE = DBF. 

(3). EE' + PD' = 53C. 

Dem.— EK= = EH" + IfE' (slvii,) ; 
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but 
therefore 


EH- = AB, and TTK = 2AC ; 
EE^ = AB= + 4AC'. 


In like ma 


Qner 


therefore 


FD' = 4AB" + AC; 

EK' + FD' = 5 (AB= + AC^) = 5BC= 



(4). The interCDpts A^, AE are equal. 
(6). The lines CE, BK, AL are concurrent. 



SECTION II. 



1, The line which Ijiseofs tha Yeitical L of an isosceles Abisects 



2. Tlie diagonals of a q^uadrilateial whose four sides are equal 
liseot eoeh ottter perpendicularly. 

S. If the line wMch biseeis the Tertioal Z. of a A also bisects the 
base, the A ia isosceles. 

4. From a given point ia one of the fddes of a i draw a right 
line biaeoting 1±,e area of the A . 

5. The sum of the ±b from, any point in the base of an isosceles 
A on the equal sides is = to the 1 from one irf tlie base angles on 
the opposite side. 

6. If the point be taken in tbe baso produced, prove that the 
difference of the ±s on. tie equal sides is = to tie J. from one of 
the base angles on the opposite side ; and show that, having 
regard to ihe eouTention respecting the signs plus and minus, this 
theorem is a case of the last. 

7. If the base EC of a A be produced to D, the L between the 
biaectora of the L s ABC, ACD = half L BAC. 

6. Ihe bisectors of the three infernal angles of a A are eou- 

9, Any two extenml biflcotors and the third internal bisector of 
the angles of a A are concurrent. 

10. The quadrilaterals formed either by the four eKfemal or the 
four internal bisectors of the angles of any quadrilateral have their 
opposite i e = two right i s. 
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1 1 . Djuw a right line || to ihe baao of a A , so tbat 
(1). Sum of lowei' segmenta of sidea slialll)o = to a given line. 
(2). THeir difference eliall bo = to a given lino. 
(3). The II shall he = sum of lower segments, 
(4). The [I shall he = diiYereniie of lower segmenta. 

13. If two linoa he respectively _L to two othei's, the L hetween 
the former is = to the L hetween Ihe latter. 

13. If two lines be respectively || to two others, the L hetween 
the former ia = to the L between the latter. 

14. Tte A formed by the fhroe bisectors of the external angles 
of a A ia Buob that tta lines joining its yertiees to the i a of the 
original b. will be ita _Lb. 

15. From two points on oppoaite aides of a given line it is 
required to draw two lines to a point in the line, so that their 
difference will be o masimum. 

16. State the converso of Prop. svii. 

17. Give a direct proof of Prop. sis. 

18. Given the lengths of thebiseotOfsof tio three sides of a A; 



19. If from any point J. 8 be drawn to the three aides of a A, 
prove that the sum of tiie squares of liree alternate segments of 
lie ddes = the sum of squares of the tbree remaining segments. 

30. Prove the following theorem, and infer from it Prop. slvii. : 
If CQ, CP be ens described on the sides CA, CB of a A , and if 
the sides |1 to OA, CB be produced to meet in E, and ItO joined, 
a CD described on AB with sides = and |] to EC shall be = to the 
sum of the as CG. CP. 

21, If a square be inaciibed in a A, the rectangle under its side 
and the sum of base and altitude = twice the area of the A. 

23. If a square ho escribed to a A, the rectangle under ila 
side and tie differonoe of the base and alt t 1 tw the area 
of the A . 

23. Gliven fho difference hetw n the di g nal and s d of a 
aquace ; construct it, 

%i. Tho sum of fho squares f Im j inmg any p nt in the 
plane of a rectangle to one pair t pp 1 gul p nta = um 
of the squares of the lines dra n t th tw mainu gular 
points. 

25. If two lines ho given in position, the looua of a point equi- 
distant from thom ia a right line. 

26. In the some case the locus of a point, the sum or the differ- 
ence of whose distaacea from them is given, ia a right line. 
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28. GiTen the Bum oJ the diagonal and ti 






29. Prom tho estremitiea oE the Ijase is of im JEoacolca A 
right linos ate diawn J- to the sides, prove that tte bMo i s of the 
A aie each — Iialf fiie L between the _La. 

SO. The line joining the middle point of the hypotenuse of a 
right-angled triangle to the right angle ia = half the hypotenuse, 

31. The lines joining the feet of the Is of a A foim an in- 
scribod A whose perimeter ia a mioinium. 

S3. If from the extremities A, B of the haae of a A ABC Is 
AD, BE be drawn to the oppoeite sides, prove that 

AB= = AO.AE + BC.BD. 

33. If A, B, C, D, &o., ha any number («) of poinCs on aline, 
and their centre of mean position ; then, if P be any other point 
on the line, 

AP + BP + OP + DP + &o. = bOP. 

34. If 0, 0' he the centres of mean posMon for two systems ol 
iioliinear points. A, B, 0, D, &o., A,' B," C,' D,' &o., each system 
harii^ the same cumber (s) of points ; then 



«00' = AA' + E 



+ CC + DD' 4- &o. 



S5. If 6- be the point of iaterseclion of the hiBsetora of the 
ia A, B of a A, right-angled at C, oad GD a J. oa ABitben, 
the reofangle AD . DB = ai-ea of the A . 

38. Tho siiloa AB, AC of a A are bisected in D, B ; CD, BE 
intellect in F ; prove A BFC = qiiadiilateral ADFE. 

37. If lines be drawn from a fised point to all the pointe of the 
circumference of a given 0, the locus of aE their points of bisec- 

58. Show by drawing |j lines how to eonBtmct a A = to any 
given rectilineal figure. 

59. ABCD is a cn : show that if E he joined to the middle 
point of CD, and D to the middle point of AB, the joining lines 
will trisect AC, 



40, The equilateral 
angled A = sum of equilateral L 

II. If squares be described on 
adjacent cotnera joined, tho three 



le hypoten 



e of a right- 
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20 A SEQUEL TO EUCLID. 

i2. I£ AB, CD 1)6 opposite Bides of a □, P any point in its 
plane ; then A PEO = sum or difforenca oE the A b CDP, ACP, 
aocoiding as P is outeide or 'betweeti the lines AC and BD. 

48. If equilateral As he described on theEidesot a right-aagled 
A whose hypotenuse is given in magnitude and position, the locus 
of the middle poiat of the line joining lieir Tertices is a O. 

44. If CD be a ± on the haee AB of a riglit-angled A ABC, and 
if B, F be the centres of the 0s inscribed in the Aa ACD, BCD, 
and if EG, FH be lines through E and F || to CD, meeting AC, 
BOinG.H; thenCG = CH. 

45. If A, B, C, D, &e., be any eysfem of collineai points, 
their mean centre for -tie system of multiples a, h, e, d, &c, ; then, 
if P be any ofier point in the line, 

(o+i+o + d+&o.)OP=B.AP+J.BP+o. CP + i;,DP + &o. 

46. If 0, 0' be the mean centres of the two systems of points 
A, E, C, D, &c.. A', B'j C, D', &e., on the same line L, for a 
common system of multiples a, S, c, d, &e. ; then 

(o + i + c + ii+&0.)00' = «.AA' + i.EB' + o.CC'+i!.00'+&c. 
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BOOK SECOND. 



Additional Propositions, 

Prop. 1. — If ABC he an isosceles triangle, 
sides BreAC, BC; and if CB be a line drawn fn 
point D in (he base AB ; 
(fe«AD.DB=BC»~CD'. 

Dem. — Let fall tliG J- 
CE; theaABisl 
in E and divided 
ec[ually in D ; 



therefore 



AD . BE + ED" = EB' 
e EC' 



nC to any 



(X. xlvii,; 



therefore 

Cor. — If the point be in the base produced, we shall 
have AD . BD = CD' - CB=. If we consider that DB 
changes its sign when D passes through E, we see 
that this ease is included in the last. 

Prop. 2. — If ABC he any triangle, D the middle point 
e/ AB, then AC 4- EC= = 2AD' -i- 2DC?. 
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22 A SEQUEL TO EUCLID. 

Dem.— let fall the ± EC. 

AC' = AD= + DC' + 2AD . DE ; (xii.) 

BC= = BI)= + DC= - 21)15 . DE. (xiii.) 

Hence, by aiJdition, since AD = DB, 

AC + BC = 2AD' + 2DC=. 
This is a simple caeo of a veiy general Prop., wliieh. we shall 
prore, oa the properties of the centre of mean, poaition for any 
Bjstera of points and any ejatsm of multiples. Tlia Piops. is. 
and X. of tte Second Bo(Jc are partioular oases of tiia Prop., Tia., 
when the point C is in the liae AB or the line AB producea. 

Cor. — If the base of a A be givea, both In magnituilc 
and position, and the sum of the squares of the sides 
in magnitude, the loons of the vertex is a O, 

Prop. 3. — The mm of the squares of the diagonals of a 
parallelogram is equal to the 
sum of the squares ofitsfow 



Dem.— let ABCD bethe 
□. Draw CE || to BD ; . 
produce AD to meet CE. 
Sow, AD = EC (xsxiv.), and DE 
henoo (2) AC^ + CE^ = 2AD= + 2DC=i but CE' = BD'; 



:BC: 



. AI1 = DE; 



1 of squares of the 



. ■. AC + ED' = 2AD' + 2DC» = 
four sides of tho parallelogram. 

Prop. ^.—Ths mm of the 
squares of the four sides of a 
quadrilateral is equal tothe sum 
of the squares of its diagonals 
plusfowr times the square of the i 
Hm joining the middle points 
of the diagonals. 

Dem.— Let AECD be the 
quadrilateral, E, E the middle points of the diagonals. 
Now, in the A ABD, AB' + AD» = 2AE2 + 2EB', (2) 
and in the A BCD, BC= + CD= = 2CE= + 2FB= j (2) 
therefore AB= + BC^ + CD= + DA' = 2(AF + CF') + 41'B' 
= 4AE= + 4EF'+4EB'=AC'+BD' + 4EE». 
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Prop. 5. — Th-ee times the emi of the squares of the 
sides of a triangle is e^ual to fow times the sum of the 
squares of the lines bisecting ihs sides of the irimtffle. 

Dem. — Let D, B, F lie the middle points of the sides. 
Then AB=+ AC» = 2ED' + 2I)A' ; (2) 

therefore 2AB' + 2AC' = 4BB' + 4DA^ ; 
that is 2AJ5» + 2AC= = BC^ + 4DA=. 

Similarly 2B0' + 2BA= = CA' + 4EB^ ; 
and 2CA' + 2CB' = AB= + 4I'C=. 

Hence 3(AB» + BC' + 0A=) = 4(AI1= + BE' + CP'). 

Cor. If Or he the point of interBCotion of the biseo- 
tors of the sides, 3AG = 2AD ; hence 9AG' = 4AI1= ; 

.-. 3(AB' +BC' + CA=) = 9(AG' + BGP+ CG') ; 
.-. (AB= + BC= + CA") = 3 (AG" + EG" + CG=). 

Prop. Q.^The rectangle contained hi/ the sum and 
difference of two sides of a triangle is equal to twice the 
rectangle contained iy the hose, and the intercut hettoeen 
the middle point of the hose and the foot of (he perpendi- 
cular from the vertical angle on the base (see Fig., Prop. 2). 

Let CE he the -L and D the middle point of the 
hase AB. 

Then AC' = AE> + EC, 

and BC = BE' +EC'; 

therefore, AC - BC = AE" - EB' ; 
or {AC + BC)(AC-BO)=(AE + EBXAE-EB). 

Now, AE + EB = AB, and AE - EB = 2ED ; 

therefore (AC + B0)(AC-BC) = 2AB . ED. 

Prop. 7. — IfA., B, C, D he four points taken in order on 
a right line, then AB . CD a B c d 
+ BC.AD = AC.BD. ' ' ' ' 

Dem.— Let AB = a, BC - i, CD = <i; then AB . CD 
+ W. AH =ac+h{a + h+c) = {a-tb){i-hc) = AC. -BJ). 

This theorem, -which is due to Euler, is one of the 
most important in Elementary Geometry. It may be 
written in a more symmetrical foi-m by making use 
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of the convention regarding plus and minus : thua, since 
+ AC = - CA, -we get 

AB.CD + BC.AD = -CA.BI>, 

AB . CD + BC . AD + CA . ED = 0. 

Prop. 8, — If ^erpendieulars he S/r<mnfrom the angular 
points of a square to imy Um, the mm of ihe squares of 
the perpendieulars from one pair of 
opposite <mglee exceeds twice ihe 
rectangle of the perpendiculars from 
the other pair of opposite angles ly 
the area of the square. 

Dem. — Let ABCD lie the 
square, L the line ; let fall tho 
J-s AM, BN, CP, DQ, on L: 
tlirough A draw EI* ]| to L. ITow, — 
since theZ BAD is right, the sum 
of the /a BAE, DAE = one right Z, and .'. = to the 
sum of the Zs BAE, ABE; .-. Z ABE = DAP, and 
Z E = E, and AB = AD ; .-. AE = DE. 

Again, pnt AM = a, BE = h, DP = c. The four Xs 
can be expressed in terms of a, b, c. For BN = « + 5, 
DQ = a + e; and since h the middle point hoth of 
AC and BD, we have BN + DQ = AM + CP, each heing 
r. twice the-LfromO. Henoe(a+i) + (fl + e)=a + CP; 
therefore CP = {a 

Now, BNHI>Q=-2AM.CP = (»+S)' + (<»+i')' 

= BE' + EA' = BA= 
Prop. 9, — i? the base AB 
of a triangle be divided in D, 
so that mM> = mDB ; thm 
mM? + wBO= = mAD' + kBD' 
+ (m + »)CD'. 

Dem.— LetfaUtheX CE; ^ 
then ^ 

mk.<? = m(AD* 4- DC + 2AD . DE) ; (sii.J 

«BC» = w CBD' + DC - 2DB . DE). (xiii.) 
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Now, since mAD = wBB, we have 

m(2AD . DE) = m(2DB , DE). 

Hence, by addition, tlie rectangles disappear, and we get 

mA.(P + nBC = mAD= + wBD= + (m + «) CD'. 

Cof. — If the point D be in the line AB produced, 

and if tnAD = wBD, we shall have 

mA<y - wBC = mAD' - »DB' + (m~n) CD". 
This case is included in the last, if we consider that 
DB changes sign when the point D passes thi-ongh B. 

Prop. 10.— If K, B, C, B, &c., he my systm. of n 
points, their centre of mean position, P any other 
point, the mm of the squares of the distmees of the points 
A, B, C, D, &o., from P exceeds the swn of the squares 
of th$ir distances from ly «0P, 

Dem. — For the sake of simpKcity, let ns take four 
points. A, B, C, D. The method of proof is perfectly 
general, and can be extended to any nnmbcr of points. 
Let M be the middle point of AB ; join MC, and divide 
it in NC, so thai MN 
^JNC; join ND, and 
divide in 0, so that NO 
= i OD ; then is the 
centre of mean position 
of the four points A, E, 
CD. 

Now, applying the 
theorem of the last 
article to the several 
As APB, MPC, NPD, 

AP' + BP^= AM' + MB'+2MP'; 

2MP» + CP' = 2MN' + NC= + SNP; 

3NP' + DP = 3N0' + 0D» + 40P=. 

Hence, by addition, and omitting terms that cancel on 

both sides, we get 

AP + BP + CP' + DP = AM? + MB' 
+ 2MK' + NC + 3N0' + OD' + 40P. 
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IToTr, a the point P coincide with 0, OP vanishes, ami 

A0= + BO' + CO' + DO' = AM= + MB' 
+ 2MN' + NC' + 3N0' + CD' ; 
therefore, AP» + BP» + CP' + DP' 
exceeds AO' + BO' + CO' + DO' hy 40P'. 

Cor.—li he the point o£ intorsoction oi hisectors 
of the sides of a A, and P any other point; then 
AP' + BP' + CP' = A0» + BO^ + CO^ + SOP' : 
for the point of intersection of the hisectors of the sides 
is the centre of mean position. 

Prop. 11. — T/ie la»i Propoaition may he geMraU%ed 
thua: if A, B, 0, D, &c., h tmi/ si/stem of points, their 
centre of mean position for any system ofmult^hs a, b, 
e, d, &o., then 

■T . AP» + i . BF + c . CP' + (? . DP, &c., 
exceeds a . AO' + J . BO' + o . CO' + (? . DO', &c., 
by (a + b + e + a, &c.)OP'. 

The foregoing proof may evidently he applied to this 
Proposition, The following ia another proof from 
Townsend's JfD(?ff»-w Geometry: — 

From the points A, B, C, D, &a., let fall Xa AA', 
BB', CC, DD', &c., on the line OP ; then it is easy to 
see that is the centre of mean position for the points 
A', B', C, D', and the system of multiples a, b, c, d, &c. 

'Now we have by Propa. xii., xiii., Book ii., 

AP' = AO' + OF + 2A'0 . OP ; 
BP' = BO' + OF + 2B'0 . OP ; 
CP' = C0= + OP' + 2C'0 . OP ; 
DF = DO' + OP' + 2D'0 . OP, &c. ; 

therefore, multiplying hy a, 5, c, d, and adding, and 

remembering that 

a . A'O + i . B'O + c . CO + .? . D'O + &c. = (see I., 18), 
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WD get 

(5 . AF + i . EP= + c . CP^ + (? . DP^ &c., 

= fl . AO^ + i . HO' + fl . C0= + ,2 . D0= + &e., 
+ {a + h-\-o + d, &o.)OP^ 
This PropositioE evidently includes the laat. 

Cor 1 — The locus of a point tho sum of the squarea 
f wh di tan f m ny numb f gi n j nt 
m It pi 1 p t ly hy any y t n i n t nt 
a J (f a 1 wh nt th nf f 

manp tnfthg npntf tl ytraf 
mult pi i (^ 

C 2 — Th mfthfj f nyytmf 

m It pi will h a ni E mum wb. a the In a e d awn 
to the centre of mean position. 

Prop. 13. — Frim tlie Propositions vi. and ix. it follows 
thai, if a Una ia divided into any two parts, the rectangle 
of the parts is a maximum, ami th sum of their squares 
is a minimum, when the parts are equal. 

Cor. — If a line be divided into any number of parts, 
the continued product of all the parts ia a maximum, 
and the sum of thoir eciuares is a minimum when tiey 
are aU equal. ^Fot if we mate any two of the parts 
unequal, we diminish the continued product, and we 
increase the sum of tho squares. 



SECTION II. 

EXEECISES. 

1 . Tha second hqI third Propositions of tlio Sooond Book ai 
special cases of tiio First. 

2. Prove the fourth. Proposition hy the second and third. 

3. Prove the sixth hy the fifth, andtlie tenth by the jiinfli. 

4. If the i C of a A ACS ho \ of two light L s, prove 

AB' = AC' + CB' - AC . CB. 

5. If C be I of two right L s, prove 

AB' = AC + CB» + AC . CB. 
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G. In a quadi-ilateral the Bum of the squares of two opposite 
Eidea, togcffier with the sum of tte squeres irf the diagonals, ie equal 
(o the sum of theequarea of the two remaining sBoa.togotiier will 
fonr times the square of ihe line joining their middle points. 

7. Diride a given line AB in C, so that the rectangle raider EC 
and a given line may be equal to the square of AC. 

8, Being giTen the rectangle contained by two lines, and the 
difference of theii- squares : construct them, 

S. Produce a given line AB to C, so that AC . OB is equsl to the 
square of another given line. 

10. If a line AB he divided in C, eo that AB . BC = AC, prove 
AB' + BC= = 3AC=, and (AB t BC)' = SAC. 

11. In the fig. of Prop, li. prove that — 

(1). The lines GB, DF, AK, are parallel. 

(9). The aqnare of the diameter of the O ahout the A FHK 

e A FHD 

(4). The equare of the diameter of the O about the A AHD 
= 6AH', 

(5). If IIlo linos EB, CH intersect in J", AJ is i (o CH. 

12. If ABC ho an isosceles A , and DE be i| to the haso EC, 
and BE joined, BE* - CE^ = BC . DE, 

13. If squares he doscrihed on the three sides of any A, and 
the adjaJient angular points of the squares joined, tbe sum of the 
squares of the thioo joining lines is equal to Hiree times tie sum 
of the squares of the sides 3 the tnangle. 

14. Given the hase AB of a A, both in position and magnitude, 
and mAC - mBC : find the locus of C. 

15. If from a flsed point P two lines PA, PB, at right angles 
to each other, cut a given O in lie points A, B, the locus of the 
middle point of AB is a O. 

IG. If CD he any line |1 to tie diameter AB of a semicirole, and 
if P be any point in AB, then 

CPJ + rD> = AP= + PB'. 

17, If bo the mean centre of a system of points A, B, G, D, 
&o., for a system of muliipleB a, b, c, rf, ftc, ; then, if L and M 
be any two |] lines, 

2(8 , AL') - a (b . AM=) = 2 (a) . (OL" - OM'). 
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Additiokal Pkoposiiions, 




Prop. 1. — The two isngenU dravfn to a circle frot 
external point are equal. 

Dem.— Let PA, PB be the tan- 
gents, the centre of the O. Join 
OA, OP, OB ; then 

OF = 0A= + AP^ 
OP^ = OB' + BP ; 

hntOA^ = OB'; .■. AP = BPS and 
AP = BP. 

Prop. 8. — If two eirolea touch at a point P, andfrm 
P arty two Uma PAB, PCB be 
drawn, cutting the eirchs in j 
the points A, B, C, D, tJte lines 
AC, BD joining the points of 
section are parallel. 

Dem. — At P draw the 
common tangent PE to both 
0a; then 

ZEPA=PCA; (Kxxii,) 
ZEPB=PDB. 
Hence /. PCA=PDB, and ACit „ 

Cor. — If the angle APC be a right angle, AO ana 
BD ■will he diameters of the ©s, and then we have the 




y Google 



30 A SEQUEL TO EUCLID. 

following important theorem. The liaes drawn from 
the point of contact of two touching circles to the ex- 
tremities of any diameter of one of them, will meet 
the other in points which will he the extremitioa of a 
parallel diameter. 

Prop. S.—If two eircha ii>uch at P, and any Une PAB 
etit both cireha in A. tmd B, the tangents at A and B are 
parallel. 

Sem. — let the tangents at A and B meet the tan- 
gents at P in the points E and F. 

Now, since AE = EP (1), the / APE = PAE. In 
like manner, the /L BPE = PBF ; .-. Z PAE = PBF, 
and AE is ]] to BE. 

This Prop, may he inferred from (2), by supposing 
the lines PAB, PCD to approach each other indefinitely ; 
then AC and BB will be tangents. 

Prop. 4. — If two cwehs touch each other at my point 
P, and any Une cut the circles in 
the points A, B, C, D; then the . 
m^le APB = CPD. 

Dem. — Draw a tangent PE 
at P ; then 

Z EPB = PCB ; (xxxii.) 
Z EPA = PDA. 
Hence, by suhtraetion, Z APB 
= CPD. 

Prop. 5. — If a circle touch a semioirele in D and its 
diameter in P, and PE &e per- 
pendicular to the diameter atV, 
the esaare m PE is equal to 
twice the rectangle contained 
hy the radii of the circles. 

Dem.— Complete the circle, a[- 
and produce EP to meet it 
again in Gt. LetCandPbethe 
centres ; then the line CF will 
pass through D. Let it meet 
the outside circle again in H. 
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Now, EF . Fa = DF . FH (xxsy.), and PF^ = DF'. 
Hence, by ad(3ition, msuking use of II. v., and II. iii., 
EF = DF . DH = twice rectangle contained by the 

Prop. e. — If a eirch TGD touch a eiroU ABC in D 
and a chord AE in P, and if 
EF he perpendiculM- to AB 
at it» middle paint, and at 
the aide opposite to that of ■ 
the m-ole PGD, the reetimgle 
ermtained hy EF and the dia- 
m^teroftheeirele'P&Sf is equal a 
to the recta/ngle AP . PB. 

Dem.— Let PG be at 
light Zb to AB, thea PG 
is the diameter of the O 
PGD. Join DG, DP, and 

produce them to meet the O ABC in C and F ; then CF ia 
the diameter of the O ABO, and is || to PG (2) ; .■. CF 
is -L to AB ; hence it bisects AB in E (iii.)- Through 
F draw FH |{ to AB, and produce GP to meet it ia H. 

Now,-eince theZs Hand Bare right ^s, a semicircle 
described on GF will pass through the points D and H, 
Hence HP . PG = FP . P» = AP . PB ; (sxxv.) 
but HP = EF ; .-. EF . PG = AP . PB. 

This Prop, and its Demonstration will hold true when 
the Ga are external to each other. 

Cor. If AB be the diameter of the O ABC, this 
Prop, reduces to the last. 

Prop. 7. — To draw a common tangent to two circles. 

Let P be the centre 
of the greater ©, G 
the centre of the less, 
with P as centre, and 
a radius = to the dif- ' 
ference of the radii 
of the two ©B : de- 
scribe the O IGH ; 
from Q draw a tangent to this O, touching it at H, 
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Join PH, and produce it to meet tlie circumference o£ 
the larger © in E. Draw QF || to PE. Join EP, 
which will he the common tangent rec[iiired. 

Dem.— The lines HE and QJ" are, from the constmo- 
tion, equal; andeinoethey are 1|, theflg. HEFQis a c:i; 
.■•the ZPEF = PB:Q = right angle J .-. EP is a tangent 
at E ; and since / EFft = EHQ, = right angle, EF ia a 
tangent at P. The tangent EP is called a direot com- 
mon tangent. 

If with P M centre, and a radius equal to the sum 
of the radii oi the two given Os, we shall descrihe a 
O, we ehall have a common tangent which will pass 
between the Ob, and one which is called a transrerBe 



Prop. 8. — Jfa line passing tlwough the centres ofiwo 
cwelea out them m the points A, B, C, D, respectively; 
then the eq^ware of their direct common tangent is equal 
to the reetangU AC . BD. 

3>em, — "We have (see last fig.) AI = CQ ; to each add 
IC, and we get AC = ICi. In like manner, BD = GQ. 
Hence AC . BD = Ift . QG = EF'. 

Cor. 1. — If the two Os touch, the square of their 
common tangent is equal to the rectangle contained hy 
their diameters. 

Cor. 3. — The square of the transverse common tan- 
gent of the two Os = AD . BO. 

Cor. 3.— If ABC be 
a semicircle, PE a X 
to AB from any point 
P, CQD a © touch- 
ing PE, the semicircle 
ACB, and the semi- 
circle on PB ; then, if . 
QH he the diameter 
of CQD, AB . QB - EP. 

Dem. PB.QR = Pa', (Cor 1) 

AP . QIl = EP= - pa" ; (6) 

therefore, by addition, AB . QB = EP'. 

C<yr. 4. — If two Os he described to touch an ordi- 
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nate of a semicircle, tho 6emiriiele it?elf and the semi- 
circles on the segments o( the diameter, they will be 
equal to one another 

Prop. 9. — In equiangular tnangles the rectangles under 
t}ie non-eorresponmng Bides about 
equal angles are equal to am another. 

Dem. — Let the equiangular As 
he ABO, DCO, and let them be 
placed so that the equal Z s at 
may he vertically opposite, and 
that the non- corresponding sidea 
AO, CO may be in one right line, 
thcE the non-corresponding sides 
BO, OD shall he in one right line. 
Z ABD = ACD_, the four points A, B, C, i> are con- 
eyclio (in the circumference of the same O). Hence 
the rectangle AO . OC = rectangle BO . OD. (xxxv.) 

Prop. 10. — The rectangle contained ly the perpendi- 
culars from any ^oini in the eir- „ 
cumference of a circle on two tan- 
gents AC, EC, j'e equal to the square 
of the perpendicular from the same 
point on their ehoi-d of contact AB. 

Dem.— Letthe As be 0I>, OE, 
OF. Join DA, OB, EF, DF. How, 
BincetheZ80DB,0FB,areright, ^/ 
the quadrilateral ODBF is in- ^ 
scribed in a O. In like manner, 
the quadrilateral OEAF ia in- 
sorihed in a ©. Again, since BC 
1b a tangent, the Z DBO = BAO 
(xsxii.) ; but DBO =DFO (xxi.) ; 
andFAO = FEO; .-. ZDFO = FEO. In like manner, 
Z0J)F = EFO; hence the As ODF, FEO are equi- 
angular, and .'. the rectangles contained by the non- 
corresponding sides about the equal Zs DOF, FOE, 
are equal (9). Hence OB . OE = OF. 

Prop. 11. — If from any point in the circumference of 
a circle perpendiculars he drawn to the four sides, and to 
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the diagonals of an inacribed fwadrUaierat, the rsctmgje 
contained iy the perpendiculars on either pair of opposite 
tides is equal to the 
rectangle contained by 
the perpendiculars on 
the diagonals. 

Bern.— Let OE, OF 
be the -La on the oppo- 
site aides AB, CD; 0G-, 
OH, the ±s on the 
diagonals. Join EG, 
FH, OA, OD. Wow, 
as in the last Prop., we 
see that the quadrila- 
terals AEOG, JJFOH, 
are inscrihed in 0s. 
Hence ZOEa = OAG, 
and OHI" = ODF. Again, sineo AODO is a quadri- 
lateral in a O, the Z OAC + ODC = two right Zs 
(xxii.) = one + ODF ; .-. the Z OAC = ODE'. Hence 
the Z OEG = OHF. In like manner, the Z OGE 
= OFH. Hence the Za OEG, OHE are equiangular, 
and the rectangle OE . OF = the rectangle OG . OH. 

Cor, 1. — The rectangle contained by the ia on one 
pair of opposite sidea ia equal to the rectangle contained 
by the J.a on the other pair of opposite sides. This may 
be proved directly, or it follows at once from the theorem 
in the text. 

Cor. 2. — If WB suppose the points A, B, to become 
consecutive, and also the points C, D, then AB, CD 
become tangents ; and from the theorem of this Article 
we may infer the theorem of Prop. 10. 

Prop 13. — The feet D, E, F of the three perpmidioulars 
let fall on the sides of a triangle ASG,from any point P in 
the cireumfermee of the cireamscrtbed circle, are coUinear. 

Eom. — Join PA, PB, DF, EF. As in the Demonstra- 
tions of the two last Propositions, we see that the qua- 
drilaterals PBDF, PFAE are inscribed in 0s ; .-. the 
Z 8 PBD, PFD are = two right Z a (xxii.), and Z B PBD, 
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PAC, are = two right Z s (xxii.) 
and since PFAE is a quadri- 
lateral in a circle, the Z EAJ? 
= EFP; .-. PFD+Pi'E = PAC 
+ P AE = two right Z s. Hence 
the points D, P, E, are collinear. 

Cor. 1. — If the feet of the 
J.S drawn from any point P 
to tho Bides of the A ABC he 
collinear, the locus of P is the 
O deecrihed ahout the triangle. 

Cor. 2. — If four lines he eivt 
such, that the feet of the 
four Xs from it on the lines 
will he collinear. For let the 
four linea be AB, AC, DB, 
DF. These linea form four 



Z PED = PAC ; 





Let the Oa described 
ahout two of the As — say 
APE, CDE— intersect in P ; 
then it is eTident that the 
feet of the -Ls from P on 
tho four lines wUl he collinear. 

Cor. 8.~The 0s described about the As ABC, DBF, 
each passes through the point P. This follows because 
tho feet of tho J-b from P on the sides of these As are 
collinear. 

Prop. 13, — If the perpendiculars of a triangle he prO' 
duceS to meet the eweumferenee of 
the cireumseribeicireh, the parts of 
the perpendieulara intercepted be- 
tween their point of interaeetion and I 
the drcumferenee are bisected by the 
sides of the triangle. 

Let AD, CF intersect in ; pro- ' 
duce CF to meet the O in G ; then 
OP = PG. 

Dem.— TheZ AOF = COD (I. xv.) and AFO = CDO, 
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eacL being right ; .-. FAO = OOD ; but OCD = GAF 
(xxi.) ; .-. FAO = FAG, and A:fO = APG, each being 
right, and AT common. Hence OF = FG. 

Prop. 14. — Th$ line joining any point P, in the cir- 
camferenee of a cirele, to the point of inUrsection of the 
perpendiculars of an inscribed triangle, is tisecM ly the 
line of eollinearity of the 
feet of the perpendiculars 
from P on the sides of the 
triangle. 

LetPbethopointiPH, 
PL two of tbe is from 
P on the sides ; thus HL 
is the lino of collinearity 
of the feet of the X s from 
P on the sidea of the A . 
Let CF be the ± from C 
on AB ; produce CF to 
9, and make OF = FG ; 
then is the point of 

intersection of the -Ls of the A. Join OP, intersecting 
Hi in I : it is required to prove that OP is bisected in I. 

Dem. — Join AP, PG, and let PGinteraect HL in K, 
RudAE inE. Join OE. Now, sineoAPLHis a quadri- 
lateral in a O, the /. PHE = PAC = PGC = HPK ; 
.-. PK = KH. Hence KH = KE, and PE = EE. 
Again, since OF = FG, and FE common, Z GEF = OEF ; 
but GEF = EEH = EHE ; .-. Z OEF = EHE ; .-. OE 
is II to EH ; and since EP is bisected in E, OP ia bi- 
sected in I. 

Oor. — If X, T, Z, "W be the points of intersection 
of the ia of the fonr As APE, CDE, ABC, DBF 
(see fig.. Cor. 2, Prop. 12), then X, Y, Z, W are col- 
linear. For let t denote the lino of collinearity of the 
feet of the is from P on the sides of the four As. 
Join PX, PY, PZ, PW. Then, since L Joke the 
points of bisection of the sides of the A PXY, the 
Une XY is || to L. Similarly, YZ, ZW ai'e each |] to 
L. Hence XY, YZ, Z"W form one continuous line. 
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Prop. 15. — Tkrough one of the points of intersection of 
two given circles to draw a Une, the sum of whose segments 
intercepted ly the circles 
shall be a maximum. 

Analysis.— Let th d O s 
intersect in the points P, 
R, and let APB lie any / 
line through P. From [ 
0, 0', the centres of t 
©s, let fall the ±8 00, 
O'D, and draw CE || to 
AB. Kow, it is evident 

that AB = 2CD = 20'E ; and that the eemicircle c 
scribed on 00' as diameter will pass through E. Hence 
it follows that if AB is a maximum, the chord O'E 
will coincide with 00'. Therefore AB must be ]| to 
the line joining the centroa of the ©s. 

Cor. 1. — If it were required to draw through P a 
line such that the sum of the segments AP, PB may be 
equal to a given line, we have only to describe a © 
from 0' as centre, with a line equal half the given line 
as radius ; and the place where this © intersects the © 
on 00' as diameter will determine the point E ; and 
then through P draw a || to O'E. 

Def. — A triangle is said to be given m species when 
its angies arc given. 

Prop. 16. — To descrihe a triangh of given species 
whose sides shall pass through three given points, and 
whose area shall he a 



Analyeia. — Let A, B, C be the given points, DEF 
the reqnii'ed A ; then, since tlio triangle DEF is given 
in species, the Zs D, E, F are given, and tlie lines AB, 
BC, CA are given by hypothesis ; .■. the Os about the 
As ABF, BCD, OAE are given. These three Os will 
intersect in a common point. For, let the two first in- 
tersect in 0. Join AO, EG, CO ; then Z AFB + AOB =. 
tworightZs; andBDC + EOC = tworightZs; .-.theZa 
AFB, BDC, AOB, COB = four right Zs, and the Z§ 
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AOB, BOC, COA = four ligM As; .: ths ^ COA 
= AFB + BDC : to each d 

add the Z CEA, and we 
have the Z COA + CEA 
= sum of the three Zs of 
theADEr,thatis=.two 
right Za ; .'. the qua- 
drilateral AECO 19 in- 
acrihedinaO.Hencethe i 
three Os pass through / 
a eommoii point, ■which \ 
ie a givea point. 

Again, since the area e"^ 
of the A DEE is a maxi- 
mum, each of its sides is a maximum. Hence (15) we 
have to draw through the poiat A a line |{ to the line 
joining the centres of the Os ABF, CEA; that is, a 
liae X to AO, aad join its extremities E, F to the 
points C, B, respectively. 

Cor. — If instead of the maximum A we require to 
deacrihe a A whose sides -will be equal to three given 
lines, the method of solving the question can be inferred 
from the corollary to the last Proposition. 

Prop. 17. — To describe in a given triangle DEE (seo 
last fig.) a triangle given in species whose area shall be a 
minimum. 

Analysis. — Let ABC be the inserihed A ; describe 03 
about the three As ABE, BCD, GAE; then these Os 
will have a common point : let it bo 0. We prove this 
to he a given point as follows ; The Z EOE esceeds 
the Z FDE hy the sum of the Zs DEO, DEO ; that is, 
by the sum of the Zs BAO, CAO. Hence the Z FOE 
= FDE + BAG; .-. the Z FOE is given._ In like 
manner, the Z EOD is given. Hence the point will 
be the point of intersection of two given ©s, and is 
.■. given ; and, since E and E are given points, the 
Z OFF is given; .'. the Z OBA is given. In like 
manner, the 4 OAB is given; ,'. A OAB is given 
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in speoiea. Now, sineo the A ABC is a n 

Bide AB 19 a nunimum; .■, OA i 

since is a given point, OA must be X to EF. Hence 

the method of inscribLng the minimum A has been 

found. 

Cor. — From the foregoing analysis the method is 
obyious of inscribing in a given A another A whose 
sides shall be lespeetively eijuai to tliree given right 



Prop. 18.~If&BC 
dicular to AB ; then «/ AE = 
that AB «s ■' 



i, and CD a perpen- 
i, it u required to prove 




about the A ABC ; pro- 
duce CD to meet it in Jj, 
and erect EK X to AB. 
JoinAK, BK. Througli I 
E draw any other line PG ; 
draw Ji:0 J. to FG-, and 
produce it to meet AB in H ; through H draw JI || to 
FW. J oin JK, iK, CK, KL. H"ow, sinco AE = DB, it 
is evident that SK. = DL. Hence EL is 1| to AB ; 
.', the Z. KLC = ADC, and is consequently a rightZ ; 
.-. EG is the diameter of the O ; .■- the Z EBC is 
right, and the Z EHI is right ; .-. KKIB is a quadri- 
lateral inscribed in a circle ; .■. the Z KIH = KBA. 
in Uke manner, the Z EJH = KAB ; .-. the As IJE 
and BAE are equiangular ; and since IK is greater 
than KB (the Z IBK being right), it follows that U is 
greater than AJ) ; but FG is evidently greater than IJ ; 
. much more is EG greater than AB. Hence AB i 



then 



a. liae that can bo drawn through E. 



y Google 



40 A SEQUEL TO EUCLID. 

it ia plain the motions of B and A would be the same as if the 
A AKE got an infiiiitoly smaU tuto round the point K, wLich 
lomains fised : on this account the point K is called the centre o£ 
instantaneous rotation for the line AB. 

This PropoBition admitB o£ another domonstration, as 
foDows :— Through the points A, B draw the lines AM, 
BM II to EC, AC ; then ME is ovidently J- to AB ; let 
fall the J- MJT on FG ; join AG, MG ; then the A FMG 
is plainly greater than A AGM ; but A AGM = A ABM; 
.-. A FGM ia greater than A ABM, and its X MW is 
less than ME, the -L of A AMB ; hence the hase FG 
is greater than, the base AB. 

Prop. 19. — I^ 00, OD be any two Ume, AB any arc 
of a circh, or of any ot/i^ curve concave ioO; tkm, of all 
the tangenti which can be drawn to AB, that whose inter- 
cept is bisected at the point of contact cuts off the minimum 
triangle. 



Bern. — let CD be bisected at P, and let E 
other tangent. Then through P draw GH 
then, since CD is hiseotod in P, the A cut 
is less than the A 
cut off by GH 
(1. 19); hut the A 
cut off by GH is 
less than the A _ 
cut og by EF. ^ 
Hence the A out 
off by CD is less 
than the A cut off 
byEE. 

Cor. I.— Of all 
triangles described 
about a given circle, the equilateral triangl 



■ he any 
to EF; 
by CD 




Cor. 2.— Of all polygons having a given number of 
sides described about a giycn 0, the regular polygon 
is a minimum. 
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Prop. eo. — I/ABO le « eireh, AB a dmneUr, PD d 
fixed line perpendieular to 
AB ; tAm if ACP h way 
line mtting the drele in C 
atd the line PD in P, the 
rectangle under AP awfit AC 
is constant. 

Sem. — Since AB is the 
diameter of the 0, the 
Z ACB is right (ssxi.) ; 
.-.BCP 18 right, andBDP " 
is right ; .■. the figure BBPC is a quadrilateral inscrihed 




, 0, 1 



the 1 



i AP . AC 




; then AP . AC = kW. 



= rectangle AB . AD = constant. 

Cor. I. —This Prop, holds 
true ■when the line PD cuts the 
O, as in the diagram: the value 
of the constant will, in this 
case, he = AE'. Henee we . 
have the following : — 

Cor. 2.— If A he the middle 
point of the arc EP, AC any 
chord cutting the line EF in P ; 

On aoeoniit of its importance, we shall give an inde- 
pendent proof of this Prop. Thus : join EC, and sup- 
pose a © described ahout the A EPC ; then theZ PEA 
= ECA, because they stand on eqnal arcs AP, AE. 
Henee AE touches the EPC (xxxii.) ; :•. the rect- 
angle AP . AC = AE^ 

Cor. 3. — If A he a fixed point (see two last figs.), 
PD a fixed line, and if any variable point P in PD be 
joined to A, and a point C taken on AP, so that the 
rectangle AP , AC = constant — say E' — thenj by the 
converse of this Prop., the locus of the point C is a O. 

T>EE.-—The point C is called the inverse of the point P, 
the O ABC the imevse of the Um PD, the fixed point A 
the centre, and the constant E the radius o/ inversion, 

"We shall give more on the subject of inversion in 
our addition to Book VI. 
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of a eireh aperpendtcuk 




Prop. 31.— If from the eenir 
he let fall on any line GD, 
and from D, the foot of the 
perpendicular, and from any 
other point Q in GD two tan^ 
gents DE, GF be drawn to the 
circle, thm GF' = GD' + DE'. 

Bern. — Let C be the centre 
of the©. Join CG, CE, CF. "^ ^ 

Then 

GF' = GG' - CF' = GD' + DC' - OF" 

= GD' + DE' + EC - CF^ = GD' + DE'. 

Prop. 22, — To describe a circls having its centre at a 
given point, and cutting a 
given cirole ortkogonalhj 
{at right angles). 

Let A he the given 
point, BED the given O. 
FromAdraw AB.touoh- 
ing the O BED (xvii.) 
atB; andfrom A as cen- 
tre, and AB an radius, 
deacrihe the © BED; this © will cut BED orthogo- 

Dem.— Let C be the centre of BED. Join CB j then, 
because AB is atangent to the circle BED, CB is at right 
Zs to AB (xviii.) ; .-. CB touches tlie BDF. Mow, 
since AB, CB aro tangents to the 0sBDE, BDF, these 
lines coincide with the Os for an indefinitely short 
distance (a tangent to a O has two conaecutiye points 
common with the ©); and, since the lines intersect 
at right Zs, the Oa cnt at right Zs; that is, or- 
thogonally. 

Oor. 1. — The ©s out also orthogonally at D. 

Cor. 2. — When two ©3 cut orthogonally, the sq^uare 
of the distance between their centres is eq^ual to the 
sum of the squares of their radii. 
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Prop. 23. — If in the Une joining the centres of two 
circles apoiniD he found, 
such that the tatigents DB, 
DWfrom it to the circles 
are equal, and tf through 
D a bm DGt he drawn 
perpmdMilar to the line 
jommg the centres, thett 
the tangents pom any 
other point G tn DG to 
the circles will he equal. 

Dem. — let OF, GE' be the tansenta. Ifow, by 
hypothesis, DE^ = DE'^. To each add ItG', and we have 

GI)= + DE= = Wf + BE", 

or GE' = GF'=; .-. GF = GF. 

Dep. — The line GD ia called the ra(lic<^ axis of the 
twoeircles; and two points 1, T, taken on the line through 
the centres, so /hat HI = DI' = DE = DE', are called the 
limiting points. 

Cor. 1.-— Any circle whose centre is on the radical 
axis, and -which cuts one of the given Os orthogonally, 
will also cut the other orthogonally, and will pass 
through the two limiting points. 

Cor. 2. — 1£ tliere be a system of three ©a, their 
radical axes taken in pairs are concurrent. For, if 
tangents bo drawn to the Oa from the point of inter- 
section of two of the radical axes, the three tangents 
will be equal. Hence the third radical axis passes 
through tiiis point, 

Dep.— Me point of eonmtrrence of the three radical 
axes is called the radical centre of the cweles. 

Cor. 3.— The O whose centre is the radical centre 
of three given Os, and] which cuts one of them or- 
thogonally, cuts the other two orthogonally. 
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Prop. 24. — The difference htwem the squares of the 
tangents, from <my point P to two circles, is equal to twice 
the rectmigle contain- 
ed hy the perpendi' 
eular from P on the 
radieal aais and the 
distance hetween the 
centres of the cireles, 

Dem.— Let C, C, 
he tte centres, the 
middle point of CC, 
DE tlie radical axis. 
Let fall the J-s PE, PG. How, 

CP'-CT= =2CC'.0G (IL, 6} 

CF^ - C':E" = CW - CD', 
because DE is the radical axis 

= 2CC' . OD. 
Hence, by subtraction, 

pp ^ PF'i = 2CC' . D& => 2CC' . EP. 

This ia the fundamental Prop, in the theory of coaxal 
circles. For more on this subject, see Book VI., 
Section t. 

Dee. — Jf on any radius of a circle two points he taken, 
one internally and the other externally, so that the rect- 
angle contained by their distances from the centre is equal 
to the sqware of the radius ; then a line drawn perpendi- 
cular to the radius through either point is called the 
polar of the other point, tehioh is 
called, in relation to this perpendi- 
cular, its pole. Thus, let he the 
centre, and lei OA . OP = radius''; _ 
then, if AS, PY le perpendiculars 
to the line OP, PY is called the 
polar of A, and A the pole o/PY. 
Similarh/, AS is the polar of P, and 
V the pole of AX. 
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© ; .-. Ca . CB 

the polar of B. 



Prop. 26. — If A ani B le two joints, eucA thai the 
polar ofkpasses through B, 
theti the polar of B passes _ u n -n 



Sem. — Let the polar of 
A be the line PB ; then PB 
is ± to CP (C heing the 
centre). JoinCB, and let 
fall the J- Aa on CB. 
Then, since the /. s P and 
Q arc right Zs, the qua- 
drilateral APBQ is inscribed 
= CA . CP= radius^ .-. AQ i 



Cor. — In PB take any other point D. Join CD, and 
let faU the perpendicular AB on CD. Then AQ, AE are 
the polars of the points B aud D, and we see that the line 
BD, which joins the points E and D, is the polar of the 
point A ; the intersection of A.Q,, Ait, the polars of 
B and D. Hence we have the following important 
theorem : — The line of connexion of ant/ tteo points is 
the polar of the point of intersection of their polars; 
or, again ; Z%e point of intersection of <my two lines is 
the pole of the line of connexion of their poles. 

Dbp. — Two points, such as A and B, which possess the 
property that the polar of either passes through the other, 
are called conjugate ^omi is with respect to the circle, and 
their polars are calM conjugate lines. 

Prop. 26. — ^ two circles cut orthogonally, the extre- 
mities of any diameter of either are conjugate points with 
respeci to the other. 

Let the Oa be ABF and 
CED, cutting orthogonally i: 
the points A, B ; let CD / 
be any diameter of the © I 
CED ; C and D are conjugate 
points with respect to the 
©ABF. 
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Dem. — Xet be the centre of the © ABF. Join 
OC, intersecting tlie O CED in E. Join ED, and pro- 
duce to E. Join OA. Mow, because the Os intersect 
orthop;orLally, OA is a tangent to the O CED. Hence 
OC . OE = 0A=; tliat is, OC . QE = sijuacc of radius of 
the O AEF ; and, since the Z CED is a right angle, 
being in a semicircle, tlie line ED is the polar of C. 
Hence and D are conjugate points -with respect to the 
O ABE. 

Prop. 87 — ^ A and B be two points, md, if from. K 
we draw a pe) pettdwulat AP to 
the polar of B, anA from B a 
perpendieular BQ io the polar of 
A ; then, ifC be the centre of the 
circle, the reotmigU CA . BQ 
= OB. AP (Salmon). 

Dem.-— Let fall tho Xs AY, [ 
BX, on tliG lines OE, f" 
Now, since X and T are right 
angles, the semicircle on AB 
passes through the points X, Y. 
Therefore CA . CX = CB . CY ; 

and CA . CD = CB . CE, 

because each = radius^ ; .■. we get, by subtraction, 

CA . DX = CB . EY ; 
or CA . BQ - CB . AP. 

Prop. 38. — 27n) locuaofthe intersection of tangents to 
a circle, at the extremities of a chord 
whioh passes through a gwen point, i 
the polar of the point. 

Dem. — Xet CD be the chord, A 
the given point, CE, DE the tan- 
gents. Join OA, and let faU the ^ 
J. EB on OA produced. Join 00, 
OD. How, since EC = ED, and 
EO common, and 00 = OD, the Z ' 
CEO = DEO. Again, s" 
= DE, and EF common, and Z CEE 
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= BEP ; .-. the Z EI'C = EFD. Hence each is riglit. 
B'ow, since the A OCE ia right-aagled at C, and CF 
perpendicular to OE, OE . OE = OC^ ; but since the 
quadrilateral AFEB has the opposite angles B and F 
right angles, it is inscribed in a ©. The rectangle 
OE.0E = OA.OB; butOE.OE = OC'; .-. OA . OB 
= OC* = radins' ; .■. BE is the polar of A, and this is 
the locus of the point E. 

Cor. 1, — If from every point in a given line tan- 
gents be drawn to a given circle, the chord of contact 
passes through the pole of the given line. 

Cor. 2, — If from any given point two tangents be 
drawn to a given cLrele, the chord of contact is the 
polar of the given point. 

Prop. 29. — The older geometers devoted much time 
to the solution of problems which required the cou- 
struetion of triangles under certain conditions. Three 
independent data are rGC[uired for each problem, ^e 
give here afew specimens of the modes of investigation 
employed in such qnestions, and we shall give some addi- 
tional ones under the Sixth Book. 

(1), Giventhehaaeofatriwngle 
the vertical angle, and the sum of . 
the sides: comtrjuit it. 

Analysis. — Bet ABC be the 
A ; produce AC to D, and make \ 
CD = CB ; then AD = sum of 
sides, and is given; and the 
Z ADB = half the Z ACB, and is given. Sence we have 
the following method of eanstruetion .'—On the base AB 
describe a segment of a containing an Z = haU the 
given vertical Z , and from the centre A, with a distance 
equal to the sum of the sides as radius, describe a O 
cutting this segment in B. Join AB, DB, and make 
the Z DEC = ADB ; then ABO is the A required. 

(2). Given, the vertical atwle of a triangle, and the seg- 
ments into which the line bisecting it divides the base: 
construct it. 
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Analysis, — Let ABC be the A, CD tlie line bisect- 
ing tlie vertical Z . Then ATI, DB, 
and the Z ACB are given. Now, 
einoe AD, DB are given, AB is 
given; and Binoe ABandthe ZACB 
are given, the O ACB is given Ar" 
(xxxiii.); and since CD bisects tlie 
Z ACB, -we have arc AE = EB ; 
.■. E is a given point, and D is a 
given point. Hence tiie line ED is 
and therefore the point C is given, 

(3). Given the base, the vertical ang 
of the sides, construct the triangle. 

Analysis. — Let ABC be the A ; 
let fall the X CD ; draw the dia- 
meter CE ; join AE. Now the 
Z CEA = CBA (xxi.), and CAE 
is right, being in a semicircb 
(xxxi.); .-. =ZCDB. " " ' 

As CAE, CDB s 
.-. rectangle AG . CB = r( 
CE . CD (9); but rectangle AC . CB "^ _ 

is given ; .•. rectangle CE . CD is given ; and since the 
base aod vertical Z are given, the O ACB is given; 
.-.the diameter CE is given; .-. CD ia given; and there- 
fore the line drawn through C || to AB is given in 
position. Hence the point C is given. 

The method of construction is obvious. 
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SECTION II. 

ESEKCISBS. 

1. Thelmo^'oining theeenfiesof twoOsliBeots their common 
cliord perpendicularly. 

2. If AB, CD be two II chords in a 0, the aro AC = ED. 

3. If two Ga be concentric, all tangenta to the inner wHich 
ate termiDiited by tbe outer O are eqiml fo one another. 

4. If Wo i.s AD, BE of a A intersect in O, AO . OD 
= BO . OE. 

6. If be (he intersection of tie ±s of a A, the Gs described 
about the thiee Aa AOB, BOO, COA are equal to one another. 

6. If equilateral As ha described on the three sides of any A , 
the 0a described about these eqtiilateral A e paea through a com- 
mon point. 

7. The lines joining the vertiees of the original A to the oppo- 
site Tertioes of the equilateral Aa are ooncurreat. 

8. The centres of the three ©a in. question 6 are the angulw 
points of another equilateral A . Thia theorem will hold true if 
the equilateral A s on the aidea of the original A be turned in- 
wards. 

9. The sum of the equarea of the sides of the two new equi- 
lateral A s in the last question is equal to the aaia of the squares 
of the sides of the oiiginal triangle. 

10. Find the locus of the pointa of bisection of a system of 
chorda wbich pass through a fixed point. 

11 . If two chords of a intersect at right auEles, the aum of the 
squaroa of Gieir four segments equal the square of the diameter. 

la. If from any fixed point aline CD be drawn to any point 
DintheciroumferenGeof agiyen 0, and a line DE be drawn 1 
to CD, meeting the O again in E, the line EF drawn through 
E II to CD will pasa through a fixed point. 

13. Given the base of a A and the Tcrtical i , prove that the 
aum of the squares of the aides ia a maximum or a minimum 
when the A is isoscelea, according as the vertical £ is acutfi or 
obtuse. 

14. Describe the masimum rectangle in a given aegment of 
a circle. 
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Ifl. Given tlie t 
locus — (1) of tlie in 
the base angles ? 

17. Of all Ab inscribed in a given 0, the ec[iiilaloral A is a 

18. The Equate of the third diagonal of a quatUilateral in- 
scribed in a O ia equal to the sum of the squares of tangents to 
the from its eKtremities, 

19. The G, whose diameter is Iha third diagonal of a quadri- 
lateral inscribed in another 0, cuts the latter orthogonally. 

20. If from any point in the circumference of a O three lines 
bo drawn to the angular points of an inscribed equilateral A , one 
of those lines is eqiml to the sum of the other two. 

21. If tlie feet of the ± of a A be joined, the A thus formed 
will have its angles bisected by the Isof the original triangle. 

22. If aU the sides of a quadrilateral or polygon, exceptone,ba 
given in magnitude and order, the area wifl. be a masimum, when 
the remaining side is the diameter of a semieirele passing through 
all the vertices. 

23. The area will ba tlie same in whatever order the Eidea are 
placed. 

24. If two quadrilaterals or polygons have tlieir sides equal, 
each to each, and it one be inscribed in a O, it wUI be greater 
than the other. 

25. If from Bny point P without a O a secant be drawn cut- 
ting the O in the points A, B ; then if C be the middle point of 
the polar of P, the L ACB is bisected by the polar of P. 

26. If OPP' be any line cutting a 0, J, in tlie points PF ; then 
it two 0s pBBsmg ttrough O touch J in the points P, P', respec- 
tively, the difierenoe between their diameters is equal to the dia- 
meter oi 3. 

27. Given the base, the difference of the base L s, and the sum 
or difference of the sides of a A , conetruct it. 

28. Given the base, the vertical L , and the bisector of the 
vertical i of a A , construct it. 

29. Draw a right line through the point of intersection of two 
Os, BO fiiat the sum or the difference of the squares of the intor- 
eepted segments shall be given, 

30. If an aio of a be divided into two equal, and into two 
unequal parts, the rectangle contained by the chorda of the un- 
equal parta, together with the square of the chord of the arc be- 
tween the points of eeotion, ia equal to the square of the ehmd of 
half the arc. 
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31. If A, B, C, D 1)0 fourpoints, rangediii order on a Htiaight 
line, find on the same lino a point 0, eucli that tbe rectangle 
OA . OD eluU bo equal to the rectangle OB . 00. 

32. In tlie same case find tho looua of a point P if the L APB 
eaual L CPD. 

33. Given two points A, B, and a O X, find in X a point C, 
so that the i ACB may be either a misimum or a mioimum. 

34. The biaeetorB of the is, at the estremitiea of the third 
diagonal of a quadiilateral inacribed in a O ore J. to each other, 

36. If the base and the sum of the aides of a A he giyen, tho 
rectangle contained by the J. s from the esljemiliea of tha base on 
the biaeotor of the external Tortioal i ia given. 

33. If any hexagon he inswibsd in a 0, the sum of the three 
altexoote i a ia equal to the sum of the three remaming angles. 

37. A line of given length MN slides hetweeo, two fixed 
linos OM, ON ; then, if MP, KP be X to OM, ON, the locus 
of P is a circle. 

88. Statfi the theorem correBponding to 35 for the internal 
biaeetot of the vertical angle. 

89. If AB, AC, AD be two adjacent aidea and the diagonal of 
a □, and if a O passing through A cut those linos in the points 
F, Q, E,theii 

AB.AP + AC.AQ = AD. AE. 

40. Draw a chord CD of a eemicircle | to a diameter AB, sow 
to subtend a right i at a given point P in AB (see Exercise 10, 
Book II.) 

41, rind a point in the ciroumfei'ence of a given 0, such that 
the lines joining it to two flied points in the cireumfeceooe may 
mate a given intercept on a given chord of the circle. 



43. H through any point three lines be diuwn reapeotiyely || 
1x) the three aides of a A , interaecting the sides in the points 
A, A', B, B", C, C, then the sum of the rectangles AO . OA', 
BO . OB', CO . OC' is equal to the rectangle contained by tiia 
segments of the chord of tho circmnseribed O which passes 
through 0. 

44, The lines drawn from the centre of the circle deaenbed 
about a A to tho angular points are ± to the aides nt the A 
formed by joining the feet of tho is of the ongmal tiiangle. 
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45. If a O touch a semicirolo and two ordinatea f o its diameter, 
the rectangle under the remote segments of the diameter is equal 
to the square o£ the ± from the centre of the © on the diameter 
of the semicircle. 

46. If AB he the diameter of a semidtele, and AC, ED two 
chorda intersecting in 0, the O ahout the A OCD intrasects the 
Bemicitele orthogonally. 

47. If the earn or difference of the tangents from a vwiable 
point to two Os he equal to the part of me common tangent of 
the two 0a between the points of contact, the locus of the point 
is a right line. 

48. If paira of common tangents be drawn to three 0a, and if 
ono tiiad of common tangents be concurrent, the other triad will 

49. The distance between the feet of 1 a from any point in tie 
circumference of a on two fiied radii is equal to the J. £iom 
the extremity of either of theae radii on the otiier. 
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BOOK FOURTH. 



SECTION I. 
Adbitiokai, PaoEOSiTioifa. 



Prop. 1, — If a eirele he inscribed in a triangle, the 
distances from the tmgular points of the triangle to th» 
points of contact on the sides are respectively equal to the 
remainders that are left, tehen the lengths of the sides are 
tahm separatelg from their half mm. 

Dem.— Let ABC be the A, a 

D, E, F, the points oi contact. 
ITow, since the tangents from, an 
estemal point are equal, we havB 
AE = AF, BI) = BF, CD = CE. 
Hence AE + EC = AB + CE 
= half sum of the three sides 
BC,CA,AB; and denoting these 
eides hy the letters a, i, c, rc- 
Bpectively, and half their sum j 
by s, wb have 

AE + « = » 




AE = s - 0. 
In lilte manner ED = a - S ; CE = s - c. 

Cor. 1. — If r denote the radius of the inscribed O, 
the area of the triangle = rs. 

For, let be the centre of the inscribed O, then we 
have 

BC . ?■ = 2 A EOC, 

CA . J- = 2 A COA, 

AB.j- = 2 AAOB; 

therefore (EC + CA + AB)»- = 2 A ABC; 
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that is, 2sr = 2 A ABC ; 

«r= AABC. 



Cor. 2. — If the toueli tlie sido BC externally, -■ 
the sides AB, AC produced ; that 
is, if it he an escrihed O, aad iE 
the points of contact be denoted 
\ij D', E', i", it may he proved 
in the same manner that AE' 
= AF' = s ; ED' = Bi" = « - e ; 
CD' = CE' = s - i. 

These Propositions, though sim- 
ple, are very important, 

Cor. 3. — If r' denote the radius 
of the escrihed O, which 
the side BC (a) est 






j-'(s-o)= AABC. 


Dem.— 


E'O' . AC = 2 A AO'C ; 


that is 


/ . i - 2 A AO'C. 


In Uke ma 


nner »■'.«= 2 A AO'B, 


and 


/ . rt = 2 A EO'C. 


Henoe 


/(i + tf-.a) = 2AABC; 


that is 


/ . 2 (s - a) = 2 A AEC ; 


therefore 


r' . (s - «) = A ABC. 


Cor. 4.- 


-The rectangle r .r'={s- 



Dem, — Sinee CO bisects the Z AOB, and CO' bisects 
the Z BCE', CO is at right Za to CO'; .-. the Z ECO 
+ E'CO' = a right Z ; and Z ECO + COE = one right 
Z ; .-. E'CO' = COE. Hence the As E'CO', EGO are 
equiangular ; and, therefore, 

E'O' . EO = E'C . CE ; (III. 9.) 

that is r . r' = (b - b) (s ~ c). (y) 
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-If- 



e denote tlie area of the A ABC by H", 



circles, 



IT. ,/.(.-»)(.-«)(.-«). 
For, by equations (a) and (/3), we have 
rs = H, and r' {s-a) = W. 
Ttorefore, multiplying and subatitutiag from (y), we 
get 

IT'=..(.-a)(.-i)(«-c); 

tberefore K = v'sCs -B)(a - i) (s - c). 

Cor. 6. — H = </r .r' .r" . r'" ; 
where *■", r'" denote tlie radii of the e 
whicli touch the aides h, c, externally. 

Cor. 7. — If the A ABC be light-angled, haying the 
angle C right, 

r-s-c; r' = s-h; r" = s - a; r"' = s. 
Prop. 2. — If from an^ point perpmAiet^m-a hUifall 
m the sides of a regular polygon of n 
sides, their sum is equal to n times the 
radius of the inseribed circle. 

Hem. — Let the given polygon be, e 
say a pentagon ABCBE, and P the 
given point, and the J-b from P on 
the eidea AB, EC, &a., be denoted 
hjpi,pi,p3, &c., and let the com- 
mon length of the sides of the poly- 
gon bo s ; then 

2 A APB - spi ; 

2 A BPC =spi; 

2 A CPD = sp3 ; 

&C., &o. ; 

therefore, by addition, twice the pentagon 

= sip,+Pi+Pi+Pi+Pi)- 
Again, if we suppose to be the centre of the in- 
scribed circle, and K its radius, we get, evidently, 
2 A AOB = Bs i 
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bu*'- the pentagon = 5 A AOB ; therefore 
twice pentagon = 5Rs ; 
therefore e (pi + pi + pi -i- pt +^s)= SEa. 
Hence pi +^2 +i'8 + Pi-^Pi, = ^^■ 

Prop. 8. — If a regulm- polygon ofn Hies he descriiei 
about a etrcle, the sum of the perpendiculars from the 
points of contact on ani/ tangent to the eirole equal «B, 

Dem. — Let A, B, C, D, E, &c., be the points of con- 
tact of the sides of tie polygon with the O, L any 
tangent to the 0, and P its point of oontaot. Now, 
the -Lb from the points A, B, C, &e,, on L, are respec- 
tively equal to the -Ls from P on the tangents at the 
same points ; hut the sum. of the J,s from P on the tan- 
gents at the points A, P, C, &c., = n& (2). Hence the 
sum of the Xsfrom the points A, B, C, &o.,onL = «.R. 

Cor. 1, — The sum of the -Ls from the angular 
points of an inscribed polygon of «. sides upon any line 
equal » times the JL from the centre on the same line. 

Cor. 2. — The centre of moan position of the angular 
points of a regular polygon is the centre of its ciroum- 
Bcribed circle. 

For, since there are n points, the sum of the Xs 
from these points on any line equal n times the -L from 
their centre of mean position on the line (I., 17) ; 
therefore the X from the centre of the oircumserihed O 
on any line is eqnal to the -L from the centre of mean 
position on the same line ; and, consequently, these 
centres must coincide. 

Cor. 3. — The sum of the is from the angular points 
of an inscribed polygon on any diameter is zero ; or, in 
other words, the sum of the -Ls on one side of the di- 
ameter is equal to the sum of the J-s on the other side. 

Prop. 4. — If a regular polygon of n sides le inscribed 
in a circle, whose radios is E, and ifE he any point whose 
distance from the centre of the circle is P', then the sum 
of the squares of all the Imes from "2 to the angular points 
of the polygon is equal to n (R* + R"}. 
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Dem. — Let bo the centre of tte 0, tlien is tlie 
mean centre ot the angular points ; hence (II., 10) the 
sum of the squares of the lines drawn from P to the 
angular points exceeds the sum of the sqiiaroB of the 
lines drawn from by «0P', that is hy nB," ; but all 
the lines drawn from to the angular points ai-e equal 
to one another, each being the radius. Hence the 
sum of their squares is «E'. Hence the Proposition 
is proved. 

Cor. I, — If the point P he in the circumference of 
the G, we have the following theorem : — The &vm of 
the squares of the lines draten from any point in the eir- 
cwnference of a eirele to the angular points of mi inscribed 
polygon is egml to 2nB'. 

The following is an independent proof of this theo- 
rem : — It is seen at once, if we denote the J-s from the 
angular points on the tangent at P by Pi, p^, &o., that 
2It.f?, = AP=; 

2E . ft = CP, &c. 
Hence 

2E {p, +^s +J53 + &e.) = AP' + BP' + CP, &o. ; 
or 2E.wK = AP + BP + CP, &e.; 

therefore the sum of the squares of all the lines from 
P = 2nRK 

Cor. 2, — The sum of the squares of all the lines of 
connexion of the angular points of a regular poly- 
gon of n sides, inscribed in a O whose radius is B, ia 
«'B=. 

This follows from supposing the point P to coincide 
with each angular point in suecession, and adding all 
the results, and taking half, because each line occurs 
twice. 

Prop. S.—If(} he the point of interseeiion ofthe three 
perpendieulara AD, BE, Cr of a triangle ABC, and if 
Gf, H, I he the middle points of the sides of the triangle, 
and E, L, M the middle points of the lines OA, OB, OO ; 
then the nine points D, E, F ; 0, H, I ; E, L, M, are in 
the eirctmferenee of a cirele. 
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Dem.— Join HK, HG, IK, IG ; then, because AO is 
1 K, and AC in H, HK is [[ to CO. In like 
■, HG is II to AB. HcEoe the Z GHK is eqaal 
to thsZ between CO and AB; .-. it iaarigitZ; conse- 
quently, tlie © described on GE as diameter passes 
through H. In like manner, it passes through I ; and 
eince the Z EDG is right, it passes thiough D ; .'. the 




tiirclo through the three points G, H, I, passes through 
Ihe two points D, K. In like manner, it may be 
proved that it passes through the pairs of points E, L ; 
F, M. Honco it passes through the nine points. 

Dee, — The eirole through the middle points of the sides 
of a triangle is coiled, on account of ihe property tee have 
Justproved, " The Nine-points Circle of the Triangle." 

Prop. 6.— Jb draw the fourth common tangent to the 
two escribed circles of a plane fyria/ngle, mhich touch the lase 
produced, without describing those eiroles. 

Oon. — From B, one of the extremities of the base, 
let fall a -L BG on the external bisector AI of the 
vertical Z of the A ABC ; produce BG and AI to meet 
the sides CA, CB of the A in the points H and I ; then 
the line joining the points H and I is the fourth com- 
mon tangent. 

Dem. — The As EGA, HGA have the side AG com- 
mon, and the Za adjacent to this side in the two As 
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equal each to each ; hence AH = AB. Again the As 
ATTT , ABI have the aides AH, AI attd tJie iactuded Z 
ia the one eciual to the two sides AB, AI and the ia- 
duded Z in the otter ; .-. the Z HIA = EIA. 

Now, bisect the Z ABI by the line BO, and it ia 
evident, by lotting iaU Xs on the four sides of the 
quadrilateral ABIH from the point 0, that the four J.a 
are equal to one another. Hence the 0, having as 
centre, and any of these J-s as radius, will be inscribed 
in the quadrilateral ; ,■, Hlia a tangent to the escribed 
©, which touches AB externally. In like manner, it 
may be proved tliat HI touches the escribed ©, which 
touches AC extemaily. Hence HI is the fourth com- 
mon tangent to these two circles, 




Cur. 1. — If D bo the middle point of the base BC, 
the O, whoso centre ia D and whoso radius is DU, is 
orthogonal to the two escribed Oa which touch BC 
produced. 

For, let P be the point o£ contact of the escribed ©, 
which touches AB externally, thea 

PD = CP - CD = i (» + 5 + c) - ^<* = i(J + ; 

imd since BH is bisected in G, and BO in D, 

Da = ^CH ^ i (AB + AC) = i (i + c) J 

therefore the O, whose centre is D and radius DQ-, will 
cut orthogonally the O which touches at P. 
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Cor. 2.— let BG cut AB in M, aad HI in K, and 
from A let fall the J. XL, then th.e c^uadrilateral 
LMKI is iflscrihod in a circle. 

For, since the Zs ALE, AGE are right, ALB0- is 
a quadrilateral in a O, and M is the centre of the O ; 
.-. ML = MB, and / MLB = MEL. Again, Z MKI 
= AHI = ABI; .■. MKI + MLI= ABI + MBL=_two 
right Zb. Heace MKIL is a quadrilateral inscribed 
in a circle. 

Prop. 7. — The " JVim-points Circle " is the tmerae of 
the fowfh common tangent io the two escrihed circles which 
touch the iaae produced, with respect to ike circle whose 
centre is at the middle point of the base, and which <mtt 
these circles orthogonally/. 

Dem.— The Z DML (see fig., last Prop.) = twice 
DGL(in. XX.); and the Z HIL = twice AIL; but 
DML = HIL, since MKIL is a quadrilateral in a © ; 
.-. the Z DGL = GIL. Hence, i£ a bo described 
about the A GIL it will touch the line GD (III. xxxii.) ; 
.•. DL . DI = DG' ; .'. the point L is the inverse of the 
point I, with respect to the © whose centre is D and 
radius DG. Again, since MKIL is a quadrilateral in a 
0, DM . DK =DL . DI, and, .-. - Dff". Hence the point 
M is the inverse of K, and .". the © described through 
the points DLM is the inverse of the line HI (III. 20) ; 
that is, the " Nine-points Circle " is the inverse of the 
fourth common tangent, with respect to the © whose 
centre is the middle point of the base, and whose radins 
is equal to half the sum of the two remaining sides. 

Cor. 1. — In like maimer, it may be proved that the 
" Nine-points Circle " is the inverse of the fourth com- 
mon tangent to the inscribed © and the escribed 0, 
which touches the base externally, with respect to the 
© whose centre is the middle point of the baso, and 
whose radius is = to haK the difference of the remain- 
ing sides. 

Cor. 2. — The " Nine-points Circle " touches the in- 
scribed and the escribed circles of the triangle. 

For, since it is the inverse of the fourth < 
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tangent to the two escribed Os which touch the base 
produced, with respect to the O whose centre is D, 
and which cuts these 03 oiihogonally ; if we join D to 
the points of contact of tte foui-th common tangent, 
the points where tho joining lines meet these ©s agaia 
will he the inTCrses of tbe points of contact. Hence 
they will he common both to the " Nine-points Circle " 
and the escribed Gs; .'.the "Bine-points Circle" 
touches these escribed Os in these points; and in a 
Bimilar way the points of contact with tho inscribed O 
and the escribed © which touch the base externally 
may be found. 

Cor. 3. — Since the "Mne-points Circle" of a plane 
A is also the " Hine-points Circle " of each of the 
three As into which it is divided by the lines drawn 
from the intersection of its J-s to the angular points, 
we see that the " Nine-points Circle " touches also the 
inscribed and escribed circles of each of these triangles. 

Prop. 8. — The following Propositions, in connexion 
with the circle described about a triangle, are very im- 
portant : — 

( 1 ). The Kms which join the extremities of the diameter, 
wMeh 4s perpenMcidar to the lose of a triangle, to the ver- 
tical angle, me the internal ani external iiseeton of the 
vertieal angle. 
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Dem. — Let DE be the diameter J. to BC. Join AD, 
AE, Produce AE to meet CB in I. Now, from the 
construction, we have the arc CD = the arc BD. Hence 
theZ CAD 1= DAB; .■. AD is the internal bisector of tlie 
Z CAB, Again, since DE is the diameter of the ©, 
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the Z DAE ia right; .-. tlio Z DAE = DAH ; and 
from these, taking away the equ.31 Za CAD, DAB, we 
have the Z OAE = BAH ; .-. JAH = EAH. Hence 
AH is tho external hisector. 

(2). If from, D a perpmMcular he letfaU on AC, the 
segments AG, GG into which it dwt'des AC are respectively 
the half mm and the half difference of the sides AB, AC. 

Dem Join CD, GF. Draw FH |1 to AC. Since the 

Zs CGD, CED are right, the figure COED ia a qua- 
drilateral in a O. Hence the Z AGE = CDE 
(III., sxii.) = CAE (III., xxi.) ; .-. GF is [| to AE. 
Hence AHEG is a a ; and AG = EH = J sum of AB, 
AC (I., n, Cor. 1). Again, GO = AC - AG = AC 
- f (AB + AC) = ^ ( AC - AB). 

(3). If from B a perpemiiewkr EC Sa dratcn to AC, 
CG' and AG/ are respectmlp the half sum and the half 
difference o/ AC, AJJ. 

This may he proved like the laat. 

(4). Through A draiB AL perpindicuhr to DE. The 
reotanffhltL.'EE is equal to the square of half the st<m of 
the sides AC, AB. 

Dem.— The As ADD, EFI have evidently the Zs 
at D and I equal, and the right Zs at L and F are 
equal. Hence the As are equiangular ; .■. DL . EF 
= AX . FI = FK . FI = the square of half the sum of the 
sides (Prop. 7). 

(5). In like manner it may he proved that EL . FD 
is equal to the square of half the difference of AG, AB. 

Prop. 9. — If a, h, a denote, as in Prop. 1, the lengths 
of the sides of the triangle ABC, then c 

the centre of the inscribed circle will 
he the centre of mean position of its 
angular points for the system of mul- 
tiples a, h, c. 

Dem. — Let be the centre of 
the inscribed © . Join CO ; and on 
CO produced let fall the ±s AL, " 

EM. Now, the A s ACL, BCM have the / ACL = PCM ; 
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end the Z. ALC = BMC. Hence they are equiangular 

therefore BO . AL = AC . BM ; (III. 9) 

or a . AL = 5 . EM. (a) 

Now, if we introduce the signs + and ~, since the -La 
AL, BM fall on different sides of CL, they must be 
affected with contrary signs; .■. the equation (a) ex- 
presses that 0, times the J- from A on CO + S times the 
J. from B on CO = ; and since the J- from C on CO 
is evidently = 0, we have the sum of a times per- 
pendicular from A ; 5 times perpendicular from B ; 
e times perpendicular from C, on the line CO = 0. 
Hence the line CO passes through the centre of mean 
position for the system of multiples a, I, o. In like 
manner, AO passes through the centre of mean posi- 
tion. And since a point which lies on each of two 
lines must be their point of intersection, must be 
the centre of mean position for the system of multiples 

Cor. 1 , — If 0', 0", 0"' be the centres of the escribed 
Os, 0' is the centre of mean position for the system of 
multiples ~ a, ■\-h, + e; 0" for the system \ a, —h, + c ; 
and 0'" for the system + o, + 5, - u. 



y Google 



A SEQUEL TO EUCLID. 



SECTION II. 



s. 



2. The square desoribod about a O equal twice tie inaonbed 
square. 

3. The inscribed hasagou equal twice tie inscribed equi- 
lateral triangle. 

4. In tie constnictaon. of TV., Y.,if Pbetlie second point in 
wHch tte O ACD intersects the BDE, and if we join AF, DP, 
the A ADE has each of its base i. a double the vertical i . The 
same pioperty holds for the As ACE, ECD. 

6. The square of the side of a heiagon inscribed in a O, fogetlier 
with the equaie of the side of a decagon, is equal to the square of 
lie side of a pentagon. 

6. Any^ diagonal of s, pentagon ^ divided by a consecutive 
diagonal into two parts, such that the rectangle contained by the 
whole and one part is equal to the square of Qie other part. 

7. Divide an. £ of an equilateral A into five equal parte. 

8. Inscribe a in a given sector of a circle. 

9. The locus of tie centre of lie O inscribed in a A , wiose 
base and vertical i are given, is a circle. 

10. If tangents be drawn to a O at tie angular points of an 
insoribed regular polygon of any number of sides, they y/Hl form 
a ojroumaoribed regul^ polygon. 

11. Tie line joining the centres of the inscribed and cireum- 
Ecribed 03 subtends at any of the angular points of a A am i 
equal to half the diffeience of tie remaining angles. 

12. Inscribe an equilateral A in a given square. 

13. The eix lines of connexion of tie centres of the inscribed 
and escribed Os of a ^lane A are bisected by the circumference 
of the circumscribed circle. 

U. Describe a regular octagon in a given square. 

15. A regular polygon of any number of sides has one O in- 
scribed in itj and another circumscribed about it, and the two Os 
are concentric. 
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16. It 0, 0', 0", 0"', be the eentoa of the inaoribea and 
escribed 09 of a plane A, tlien is the moan centra of the points 
0', 0", 0'", for the Eystem of multiples (a - a), (s - i), (j - c). 

17. In the same eaee, 0' is the mean centa-e of the points 
0, 0", 0"', for the system of multiples s,s~b,s-c,md cor- 
responding properties hold for the points 0", 0'" . 

18. If r he the radius of the O inscrihed in a A , and pi, pi the 
radii of two Oa tonohing the oiroumsocibed 0, and also touching 
each olier at the centre of the inscribed O ; then 



22. Wiat theorem analogous tfl 18 holda for aeorihed Ob F 

23. Draw from the vertical i of an obtuse-angled A a line 
to a point in the base, such that its B([uare ■will be equal to the 
rectangle contained by the segments of the base. 

24. If lie line AD, bisecting the vortical i A of the A ADC, 
meets the base BC in D, and the circumscribed in E, then the 
line CE is a tangent to the O described about the A ADC. 

25. The sum of the squares of the ±b from the angular points 
of a regular polygon inscribed in a G upon any diameter M the 
© is e^ual M half n times the E[[uare of the radius. 

26. Given the base and vertical L of a A , find the locus of 
the centre of the which passes through the eeutres of tte three 
eseiibed circles. 

27. If a O touch the ares AC, BO, and the line AB in the 
" in of Euclid (I. i.), prove its radius equal to f of AB. 

ind the locus 
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29. If from any point in tlie circumf eceace of a O J.a be let 
faU on the sides of a ciroumscribed rogiJar polygon, the sum 
of their Bqiiaree is equsl to f n times Hie square of tie radius. 

30. The internal and external bisectors of tie i a of the A, 



31. The O described about a A touches the slsfeen oirdes in- 
scribed and escribed to the four Aa formed by joining the oetttrea 
<rf the inscribed and escribed oirales of the origmal triangle. 

82. If 0, 0' hare the eamo meaning as in question 16, then 

AO . AC = AB . AO. 

34. Given the base and the veitical L of a A, find the loons 
of the centre of a O passing thraugh the centre of the inscribed 
circle, and the centiia of any two escribed oitclefl. 
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ABDiiioifAL rBOPOsn'iosa. 

Prop, 1. — If two triangles Jtane a common base, hiti 
Afferent verHees, they are to one another as the segments 
into whieh the Una joining the 
vertieea is divided hy the common 
lose or lose produced. 

Let the two As be AOB, AOO, 
having the base .' " 
let AO cut the line EC, joi 
the vertices in A' ; then 

AOB ; AOC : : BA' : A'O. 

Dem.— ThoAAEA': ACA' ; : BA' ; A'C; 

and OEA' : OCA' : ; EA' : A'C ; 

therefore 

ABA' - OBA' : AGA' - OCA' : : BA' -. A'C ; 

or AOB : AOC : : BA' : A'C. 

Prop. 2. — If three concurrent Unes AO, BO, CO, drawn 
from the angular points of a fy-iangU, meet the opposite 
sides in the points A', B', C, the product of the three 
ratios 

EA; CB^ AC' . 

A'C B'A' C'b"""^^' 
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Dem. — I'rom the last Propositioa, we 
EA' AOB 





A'C AOC ' 




CB' BOC 




B'A ~ BOA 




AC AOO 




CB BOG" 


Hence 

unity. 

Oor. 


multiplying out, wq get 
This may be written 




AB'.BC.CA'-A'B. 



get the product equal to 



i'O . CA. 



The symmetry of this expression is apparent. Ex- 
pressed in woi'ds, it gives the product of three alter- 
nate segments of the sides equal to the product of the 
three remaining segments. 

Prop. 3. — If two pwrallelUnea le intersected hy three 
eoneurrent transversnk, the segments intereepUd ly the 
transversals on the parallels are ^ 

proportional. 

Let the ||s be AB, A'B', and the 
transversals CA, CB, CB ; then 
AD : DB ; : AO)' : D'B'. 

Dem. — The triangles ADO, 
A'D'C are equiangular ; 




therefore 


AB 


B0-. 


: A'D' 


B'O. 


In like majmer, 


DC 


BB- 


:B'C 


B'B'! 


therefore ez ae^m 


K AB 


DB 


: A'B' 


:B'B'. 



Cor. — If from the points D, D' we draw two Xs 
DE, D'B' to AC, and two ±s J)F, DT' to BC ; then 
DE : DF : ; D'E' : DT'. 
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Prop. 4. — If the sides of a triangle ABO If mi ly any 
transversal, in the joints A', B', C ; then the product of 
the three ratios 

A3J' EC' CA' 

B'C ' CA' A'B 
is equal to tmity. 

Dem. — From the 
points A, E, C let fall 
tho Xb p',p",p"' on the 
transveraal ; then, by si- 
milar A s the three ratios are respeotively = ^,, ^, - 

and the product oi these is evidently equal naity. 
Hence the proposition is proved. 

OlDservatioa. — If wo introduce the signs plus and mimis, 
in this Proposition, it is evident that one of the three ratioa must 
be negative. And when the traoHversal outs all tie sides of the 
trian^e eusmally, all three will be negative. Hence theii 
product will, in all oases, ha equal to negatiye unity. 

Cor. 1. — If A', E', C be three points on. the sides of 
a triangle, either all external, or two internal and one 
external, such that the product of the throe ratioa 
AB' BO' CA/ 
B'C' CA' A'B 
is equal to negative unity, then the three points are col- 
linear. 

Cor. 3. — The three external hiseotors of the angles 
of a triangle meet the sides in three points, which are 
ooUiueaj-. 

For, let tho meeting points he A', B', C, and we 
have the ratios 

EA' CB' AC , ,^ .. BA CB AC 

-Mi' m cB'=*°*^^^^*"^AC' BA' CB- 
respectively ; and, therefore, their produco is unity. 

Prop. 5. — In any triangle, the reetangh contained iy 
two sides is equal to the reetangU contained by fheperpen- 
dicular on the third side and the diameter of the eireum- 
ecrihed circle. 
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Let JlBG be the A, AD the -L. AE tlie diameter of 
the © ; then AB . AC = AE . AD. 

Dem. — SitLce AE is the diameter, 
the Z ABE ia right, and ADC is 
right; .-. ABE = ABC; and AEB 
= ACD (III., xxi.); therefore the 
As ABE and ABC are ec[uiangular ; l 
and AB : AE : : AB : AC (iv.). 
Hence AB . AC = AE . AD. 

C&r. — If a, b, denote the three 
sides of a triangle, and R the radius of the cireumBcribed 

circle, then the area of the triangle = —=. 

For, let AB be denoted by^, we have (5) 




therefore 



2p2i = ha; 
la/pS, = abo, 



tbat if 



a of triangle 



4fi" 



Prop. 6. — If a figure of mi^ even number of sides he 
inscribed in a circle, the continued product of the perpett- 
dieulms let faU from ani/ point 
in the circumference on the odd 
sides is equal to the continued 
product of t}i4 perpendiculars , 
on the even sides. 



We shall prove this Pro- 
position for tho case of a 
hexagon, and then, it will 
be evident that the proof ia 
general. 

let ABCDEF be the hexa- 
gon, the point, and let the ±s from on the lines 
AB, BC . . . PA, be denoted by a, y3, y, 8, e, ^ ; let B 
dwote the diameter of the 0, and let the lengths of 
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the aiit linee OA, OB ... OF be denoted by ?, m, n, p, 

q, r ; then we have J)a = lm; 'Eiy = np; Ji£ = qr; 

therefore D'a-y* = Imnp^r. 

In like manner, D'/?S0 = Imn^qr ; 

therefore «ye = ;8Scf>. (Q-E-D.) 

Cor. 1.— The six points A, E, C, It, E, F may be 
taken in any order of sequence, aniJ the Proposition 
will hold ; or, in other words, iE we draw all the 
diagonals of the hexagon, and take any thrco lines, 
such as AC, ED, EF, which terminate in the sis points 
A, B, C, D, E, E, then tho eontiauous product of the 
J.B on them will he eqnal to the continuous product of 
the ±6 on any other three lines also terminating in the 
six points, 

Gor. 2. — When the figure inscribed in the circle con- 
tains only four sides, this Proposition is the theorem 
proved (III., 11.) 

Cot. 3. — If we suppose two of the angular points to 
become infinitely near; then the line joining these 
points, if produced, will become a tangent to the circle, 
and we shall in this way have a theorem that will be 
true for a polygon of an odd number of sides. 

Cor. 4. — If perpendiculars he let fall from any point 
in the circumference of a circle on the sides of an in- 
scribed triangle, their continued product is equal to the 
continued product of the perpendiculars from the same 
poiat on the tangente to the circle at the angular points. 

Prop. 7. — Givm, in maffmtude and position, the base 
BO of a triangle and the 
raao BA : AC of the 
sides, it is required to 
find the loom of its 
vertea; A. 

Bisect the internal ^-^ 
and the external verti- 
cal angles by the lines 
AD, AE. Kow, BA ; 
AC;; ED: DC (III.); 
hut ttie ratio BA ; AC is given (Hyp.) ; therefore the 
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ratio BB : DC is giren, and BC is given (Hyp.) ; .■. the 
point D is given. In. lilie manner the point E is giiien. 
Again, the angle DAE is evidently equal half the sum 
of the angles £AC, CAF. Hence DAE is right, and the 
circle desorihecl on the line DE as diameter will pass 
through A, and will bo tho required locus. 

Cor, 1. — The circle described ahoutthe triangle ABC 
wiU cut the circle DAE orthogonally. 

For, let be the centre of the O DAE. Join AO ; 
then the angle DAO = ADO, that is, DAC + CAO 
= BAD + ABO ; but BAD = DAC ; .-. CAO = ABO ; 
.-. AO touches the O described about the A BAC. 
Hence the ©s cut orthogonally. 

Cor. 2. — Any circle passing through the points B, C, 
is cut orthogonally by the circle DAJl. 

Cor. 3. — If we consider each side of the triangle as 
base in succession, the three circles which arc the loci 
of the vertices have two points common. 

Prop. 8. — If through 0, the intersection of t'l 
nah of a quadrilateral KSQD, r 

a line OH he drawn parallel 
to one of the sides AB, meeting 
the opposite side CD in G, and 
the third diagonal in H, OH 
is biseeied in G-, 

Sem. — Produce HO to 
meet AD in I, and let it 
meet BC in J. 




Mw IT : JH 

and OJ : JO 

therefore 10 : GH 
but AB ; BF 



AB : BP, (Prop. 3.) 

AB ; BF ; 



AB : BF; 

10 :0G; .-. 00 = GH. 
Cor, — GO is a mean proportional between GJ and 
GI. 

Prop. 9. — If a triangle given in species have one <mgw- 
lea- point fixed, and if a second angular point moves along 
a given line, the third will also move along a given line. 
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Lot ABO be tho A whicli is given ia species; let 
the point A. be fixed ; the point B move along a given 
line ED : it is req^uircd to find the ■ 
locus of C. 

From A let fall the X AD 
SD ; on AD describe a A ADE 
equiangular to the A ABC ; then 
the A ADE is given ia position ; 
.-. B is a given point. Join EC- 
Wow, since the As ADE, ABC 
are equiangular, wo have 

AD: AE l: AB: AC; 
therefore AD : AB : : AE ; AC : 

andthcangloDAB is evidently = EAC. Hencethe As 
DAB, EAC aie eqmaiigTiIar ; .-. the angle ADB = AEC. 
Hence the angle AEO is right, and the line EC is given 
in position ; .'. the locus of C is a right line. 

Cor. — By an obvious modification of the foregoing 
demonstration we can prove the following theorem: — 
If a A be given in species, and have one angular point 
given in position ; then if a second angular point move 
along a given ©, the locus of the third angular point 
is a circle. 

Prop. 10. — ^ he the centre of the inscribed circle of 



the triangle ABO, then AG' 

Dem. — Let 0' be the centre 
of the escribed © touching 
EC externally ; let fall the 
XsOD, O'E. Join OB, OC, 
O'B, CO. Kow, the Za 
O'BO, O'CO are evidently 
right Zs; .■• OBO'C is a 
quadrilateral inscribed in 
circle, and Z BO'O = EC 
= ACQ ; and BAG' = GAC. 
Hence the triangles O'BA and 
COAare equiangular; 
BA : : AC : AO ; .-, 



AE . AC : 




OA = AB . AO. Hence 
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OA" : AB . AC : : OA' ; O'A . OA : : OA : O'A ; 
AE ; but AD - s - a, and AE = * ; 
therefore OA' : AB . AC : : (s ^ o) : s. 

.' 0B= OC 



Cor. I.- 



bo 






-l. 



0A= 



therefore, by addition. 



OA' OB' OC 



—If 0', 0", 0'" be the centres of the eaorihed 
0'E= 0'C= 0'A= , ^ 



Prop. H. — Ifr, R he the radii of the imcriheA and 
eirmmseribed ewcles ofaplcme triangle, BtAe distance be- 
tween their centres ; then 

r *" I 

Dem. — Let 0, P he the oen- e 

trea of the ©a. Join CP, and 
let it meet the eireumsoribed 
in D. Join DO, and pro- 
duce to meet tho circumscribed / 
O in E. Join EB, OP, PE, 
PB, BD. Since P is the centre \ 
of the inscribed 0, CP bisects 
the Z ACB; .-. the arc AD ^ 
= the are DB. Hence the 
AOiD = DOB (III., 21) ; E 
because PB bisects theZ ABC, 
the Z PBA = PBC ; .-. the Z FED = POB i PBC 
= DPB; .-. DP = I)E. 
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Again, the Aa DEB, PCF are 
cause tbe angles DEB and PCF are equal, being in tiie 
Bamo segment, and the anglea DBE and PFC are right. 
HeneeDE:DB::CP:PF(iv.)l .-. DE.PF = DB. PC 
= DP . PC. 

Now, Einoe the triangle OCD ia i 
= 00' -OF (II., I.); 

DE . PF = OC - ( 
2Rr = E?-S' 



DP. PC 



therefore 
that is, 
therefore 



= 1. 



Cor. 1. — If r', r", r'" denote the raclii of the escribed 
0a, and B', S", S'" the distanoeB of their centres from 
the centre of the ciroumaoribed O, we get in like 



r' v" 



- l,&c. 



Cor. 2.— If O'T, 0"T", 0"'T"' be the tangents from 
the points 0', 0", 0'" to the circumscribed O ; then 
2Ii>-' = 0'T'=, &o. 

Cor. 8. — If through we describe a O, touching 
the circumscribed O, 
and touching the dia- 
meter of it, which 
passes through P, this 
© will be equal to the 
inscribed ; and simi- 
lar Propositions hold 
for circles passing 
through the points 0', 
0", 0'". A f 

Prop. IS. — 1/ two 
tricmgles ie suek that the 
lines joining eorrespond' 
ing vertieea are eotufur- 
rent, theth the points of 
intersection of the oorresponMng siSes . 
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Let ABC, A'B'G' be the two As, having the liaea 
joining their corresponding vertices meeting in a 
point : it is required to prove that the three points 
X, T, Z, which are the intersections of corresponding 
sides, are eollinear. 

Dem. — From A, B, let fall three pairs of -La on 
the sides of the A A'B'C ; and from let fall three -Lb 
jf'j P") P'" on the sides B'C, C'A', A'B'. 

B"ow we have, from Cor., Prop. S, 

AP /" Ba !>' CE, p" 
AP'^^y^' £0/"^" CR'"/* 

Hence the product o£ the ratios, 

AB Ba CR 

If- bq^' cB'=™^*y- 

Again we have, independent of sign, (I^-) 

AZ AB BX_Ba OY_CE 
ZB " Ba" ^C ~ CE" AY " AB'" 

Hence the product of the three ratios 

AZ BX CY 
ZB' XC YA 

is equal to the product of the three ratios 

AP EQ CE _ 
BQ" CE" AP' ' 

and, therefore, equal to unity. Hence, by Oor., Prop. 4, 
the points X, Y, Z are eollinear. 

Cor. — If two As he such that the points of inter- 
section of corresponding sides are eollinear, then the 
lines joining corresponding vertices are concurrent. 
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Obaervation.— Triangles whoso correBpooding vertices lie on 
concurrent lines have receiyed different names from geometers. 
Salmos and PokcblEt call suet triangles homologous. These 
writers caU the point ihecenlre of homology ; and the line XTZ 
He axis of homology. TowmbeKB and Ci.eesch call them tri- 
at^les in perspeDttve j and the point 0, and the line ZYZ the 
MHire and tha a3:U of perspeetive. 

Prop. 13. — When ihree triangles are two hj two in 
perspective, and have the same axis of perspective, their 
three eentres of perspective are eolUnear. 




Let ahc, a'V(^, a"h"e"\)e tlie three As whoso eorre- 
sponding sides are concurrent in the collineai pointB 
A, B, C. How let us consider the two As flf/a", bl'h", 
formed by joiniiig the corresjioiidiiig vertices », a', a", 
b, V, h", and we see that the lines sS, a'V, a"h" joining 
corresponding vertices are concurrent, their centre of 
perspective being 0, Hence tlie intersections of their 
cori'esponding sides are coUinear ; but the intersections 
of the corresponding sides of these As are the centres 
of perspective of the A s aho, a'b'</, ^'V'o". Hence the 
Proposition is proved. 

Cor. — The three As aa'd', WV, co'e" have the same 
axis of perspective ; and their eentres of perspective 
are tho points A, B, C. Hence the centres of perspec- 
tive of this triad of As lie on the axis of perspective 
of the system abo, a'h'^, a!'li"e", 
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Prop, li.— WJmn three tritmgle» wMch are two hftwa 
n perspective have the same centre of fwmohgy, their three 
ixes ofhomoUffy are concurrent. 




Let abc, a'h'^, a"h"i^' be three As, having the point 
as a common centre of perspective. "Sow, let ua 
consider the two Aa formed by the two systems of 
lines ah, a'l', a"l" ; and ao, a'd, oV ; these two As are 
in perspGOtive, tlie line Oaa'a" being their axis of 
perspective. Hence the line joining their correspond- 
ing verticea are concurrent, vphich proves the Pro- 
position. 

Cor. — The two systems of Aa, viz., that formed by 
the lines ah, dV, a"h" ; he, h'c/, l"e" ; ca, if a', if' a"; and 
the system ahc, a'h'd, a"h"(/', have corresponding pro- 
perties — namely, the three axes of perspective of either 
system meet in the centre of perspective of the other 
system. 

Prop. 16. — We shall conclnde this section with the 
solution of a few Problems : — 
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(1). To imerile a rectangh of given area, whose faw, 
sides shall pass through four given points. 

Analysis. — Let ABCD te ^^ j, j 

the req Hired rectangle ; E, B, 
G, H tho four given points. ' 
Tiirough E draw EI j| to AD ; i 
and throngli H draw HJ 1| to 
AB, and HO J. to EG; and i^ 
draw JK -L to HO produced. 

Now it is evident that the As EIG, JHE, are equi- 
angular; .-. the rectangle EI . JH = EG . HK; but 
EI . JH = area of rectangle, and is given ; .-, the rect- 
angle EG . HK is given, and EG is given; .■. HK is 
given. Hence the line KJ is given in position ; and 
since the angle EJH iB right, the semioii'cle described 
on HE will pass through J, and is given in position. 
Hence the point J, heing the intersoctioa of a given 
line and a given O, is given in position ; therefore the 
line FJ is given in position. 

(2). &i/i!en the hmeqfairiimgle, the perpendicular, and 
the sum of the sides, to construct it. 

Analysis.— Let ABC be the A, GP the ± ; and lot 
DE he the diameter of the cir- 
cnmBcrihed O, which is X to 
AB ; draw CH |] to AB. 

Now the rectangle DH . EG is 
equal to the square of half sum 
of the sides {IV., 8); .-.DH.EG 
is given ; and DG . GE = square 
of GB, and is given. Hence 
the ratio of DH . GE ; DG . GE 
is given ; .■. the ratio of DH 
: DG is given. Hence the ratio 
of GH T DG is given ; but GH i 




= to the - 



mdis 



; henoe DG is given ; then, if AB be given in 
position, the point D is given ; .-. the O ADB is given 
in position, and CH at a given distance from AB ia 
given in position. Hence the point C is given in posi- 
tion. 
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The method of coustruotion deriyed from this ana- 
lysis is evident. 

Oor, — If tlie hase, tlie perpondicular, and the difle- 
renee of tlie sides ho given, a slight modification of tlie 
foregoing analysis will give tlie solution. 

(3). Gwanthe base of a triangle, ihe vertical wngh, atii 
the Useetor of the vertical angle, to construct the triangle. 

Analysis. — LetA^Cbe tlie required A, and let the 
base AB be given in position ; than, since AE is given 
in position and magnitude, and the Z ACS is given in 
magnitude, the circumscribed© 
is given in position. Let CD, 
the bisector of the vertical /., 
meet the circumscribed © in E, 
then E is a given point, Heaee 
EB is given in magnitude. 

Now ED . EC = EB' (III., 
20, Cor. 2); .-. the rectangle 
ED . EC is given, and CD is 
given (Hyp.). Hence ED, EG ^ 

are each given, and the described from E as centre, 
with EC as radius, is given in position. Hence the point 
C is given, aaid tiie method of construction is evident. 

Cor. — Erom the foregoing we may infer tJie method 
of solving tlie Problem : Given the base, vertical aoigle, 
and external bisector of the vertical angle. 

(4), Given the hose of a triangle, the Aiffert 
base angles, and the difference of j, 

the sides, to construct it. 

Analysis. — Let ABC be the 
required A ; then the rect- 
angle EF . GD = the square of 
half the difEerenee of the sides 
(IV., 8) ; .-. EF . GD is given ; , 
and EF . I'D = EB' is given. 
Hence the ratio of EF . GD 
: EE . ED is givon. Hence 
the ratio of FD : GD is given. 

Again, the /. CED = iialf tl 




9 of the 




LfferenceofthebasoZs, 
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and is giyen; and DCE is a right Z ; .'. A DCE is 
given in species, and CGD is equiangular to DCE; 
.'. CGtIl is given in species; .■, the ratios of GD : DC 
and of DC : DE aro given. Hence the ratio of ID : DE 
is given ; therefore the ratio of D'F : FE is given, anA 
their rectangle is given. Hence DE and EE aie each 
given. Hence the Proposition is solved. 

Cor. — In a like manner wq may solve the Problem : 
Given the base, the difference of the base angles, and 
Qie sum of the sides to constniet the triangle. 

(6), To comtruci a quaSrilatm-al of given epeeies whose 
fow sides shall pais tkrowghfow given points. 




AnalyBia. — Let ABCD he the required qnadrilateral, 
P, Q, E, S the four given points. Let E, B he the ex- 
tremities of tJie third diagonal, Ifow, let us consider 
the A ADF ; it is evidently given in speciesj and PQR 
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is an inscribeii triangle given in species. Honce, if M 
be the point of intersection of circles desoribed about 
the ^ 8 PAft, QBE, the A MAD is given in species.— 
See Demonstration of (III., 17). 

In like manner, if N he the point of intersection of 
the 0s about the As OAP, PBS, the A AEN is given 
in species. Hence the ratios AM ; AD and AN : AB 
are giyen ; hut the ratio of AB to AD is given, because 
the figure AECD is given in species. Hence the ratio 
of AM : AN is given ; and M, N" are given pointa ; 
therefore the locus of A is a circle (7) ; and where this 
circle intersects the circle PAQ is a given point Hence 
A is given. 

Cor. — A suitable modification of the foregoing, and 
making use of (111., 16), ■will enable ii9 to SDlve the 
cognate Prohlem— To desciibe a quadnlateral of given 
species whose four vertices shall be on tour gi\en 

(6). Givm i^e haseof aitimgle, the diffkmeeefthe 
hose angles, and the rectangle of tke sides, eonstruot %t. 

(7). Given the hose of a tt tangle, the vertical angle, and 
the ratio of the sum of tlte sides to the altitude : construct 
it. 



SECTION 11. 

CeBTEBS of SmiXITL'DE. 

Def. — If the line joining the centres of two cirelei he 
dmded mtemalh/ and sicfernallg in the ratio of the radii 
of the circles, the pointa of division ars called, respectively, 
the internal and the external centre of similitude of the 
two circles. 

From the Definitions it follows that the point of 
contact of two circles which touch esiternallj is an in 
iemal centre of similitude of the two circles , and the 
point of contact of two circles, one of which touches 
another internally, is an external centre of sunihtude 
Also, since a right line may be regarded as an infinitely 



y Google 




BOOK TI. 83 

large circle, whose eeatre is at infinity in tlio direction 
perpendicular to tke line, the centres of Bimilitude of a 
line and a circle are the two extremities of the diameter 
of the circle which is perpendicular to the hne 

Prop, 1. — The direct common tangent of two ciieles 
passes through their exteinal antie of similitude 

Dem.— Let 0, 0' -p 

be the centres of the 
Os;?,Fthe points 
of contact of the / 
common tangent ; 
and let PP' and 00' 
produced meet in T ; 
then, hy similar As, 

OT : O'T : : OP ; O'P'. 

Hence the line 00' is divided externally in T in the 
ratio of the radii of the circles j and therefore T is the 
external centre of similitude. 

Cor. 1. — It may be proved, in like manner, that the 
transverse common tangent passes through the internal 
centre of similitude. 

Cor. 2. — The lino joining the extremities of parallel 
radii of two Os passes through their external centre of 
similitude, if they are turned in the same direction ; 
and through their internal centre, if they are turned 
in opposite directions. 

Cor. 3, — The two radii of one drawn to its points 
of intersection, with any line passing through either 
centre of similitude, are respectiyely || to the two 
radii of the other © drawn to its intersections with 
the same line. 

Cor. 4. — All lines passing thi'ough a centre of 
similitude of two Os are cut in the same ratio by 
the s. 

Prop. 2. — If through a centre of similitude of two circles 
we draw a secant cutting one of them in the pomta B, E', 
md the other in the corresponding points S, S'; f!ien 



y Google 




94 A SEQUEL TO EtJCLlD. 

the rectcinffles OB, . 

Dem. — Let a, h de- 
note the radii of the 
circles ; then we have 
{Cor. 3, Prop. 2), 

a:J::OS:OE; 

therefore a : i : : OS . OS' : OR . OS'; 

but OS . OS' = square of the tangent from to the circle 
■whose radius is a, and is therefore constant. Hence, 
since the threo first terms of the proportion are con- 
stant, the fourth term is constMit. 

In like manner, it may he proTod that OB,' . OS is a 
fourth proportional to a, J and 08 . 08'; .-. OE,' . OS 
is constant. 

Prop. 3. — The six centres of dmiliimde of three circles 
Ue three In/ three on fow Urns, called axes of similitude 
of the circles, 

Dem. — Let the radii of the ©s be denoted hyo, i, e, 
their centres hy A, B, C ; the external centres of simi- 
litude by A', B', C, and their internal centres by 
A", B", C". How, by! " ■■' 

AC 



Hence the product of the three ratios on the right i( 
negative unity ; and therefore the points A', B', C' arf 
collinoar {Cor. 1, Prop. 4). 
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Again, let us consider tlie a 
C. "We have, as before, 



1 of points A 



B-'A ~ «■ 

Hence the product of the ratios in this case also is 
negative unity ; and .■. A", B", C are eollineai ; and 
the same holds for A', E", C" ; A", B', C". Hence the 
oollineaiity of centres of similitude will he one exter- 
nal and two internal, or three external centres of 
eimilitude. 

Cor. 1. — If a Tariable O touch two fixed Os, the 
line joining the points of contact passes through a 
fixed point, namely — a centre of siiniHtude of the two 
Gs; for the poiuts of contact are centres of similitude. 

Cor. 2. — If a variable © touch two fixed 0s, the 
tangent drawn, to it from the ODntre of similitude 
through which the chord of contact passes is constant. 

Prop. 4, — ^two cireles touch two others, the radical 
im» of either pair passes through a centre ofsmiliiude of 
the other pair. 

Dem.— Lot the two 
©a X, Y touch the 
two0s"W,T;letIt,K.' 
be their points of con- 
tact with "W, aiid 8, S' | 
with y. Now, con- 
sider the three ©s 
S, "W, T; H, R' are 
internal centres of si- 
militude. Honco the 
line EB' passes through the external centre of simili- 
tude of X and Y. 
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In like manner, tho lino 8S' passes through the 
same centre of aiiailitude. Hence the point 0, whcro 
these lines meet, ■will he tho external centre of simili- 
tude of X and Y; and .-. the rectangle OE . OR' 
= 08 . OS' (Prop. 2) ; .-. tangent from to "W" = tan- 
gent from to V, hence the radical axis of "W and V 
passes through 0. 

Def. — The cireh on the interval, between the centres of 
similitude of two eirclea as dimteter, is ealled their circle 
of simUititae, 

Prop. 5. — The eirole of similitude ofttao eirclea is the 
locus of the vertex of a triangle whose hase is the interval 
between the eewbres of the circtes, mtd the ratio of ike sides 
thai of their radii, 

Dem. — Wlien the base and the ratio oi the sides are 
given, the locus of the vertex (see Prop. 7, Section I) 
is the © whoso diameter is the interval between the 
points in which the base is divided in the given ratio 
internally and externally ; that is, in the present case, 
the O of similitude. 

Cor. I. — If from any point in the of similitude of 
two given Os lines be drawn to their centres, these 
lines are proportional to the radii of the two givenOs. 
Gor. 2. — If, from any point in the O of similitnde of 
two given 0s, pairs of tangents be drawn to both ©s, 
the angle between one pair is eq^ual to the angle between 
the other pair. 

This follows at once from Cor. 1. 
Cor. 3. — The three 0s of similitude of three given 
©a taken in pairs are coaxal. 

For, let P, P' be the points of intersection of two 
of the ©s of similitude, then it is evident that the 
lines drawn from either of these points to the centres 
of the three given Qs are proportional to the radii of 
the given Os, Hence the third of similitude must 
pass through the points P, F. Hence the ©a are 
coaxal. 

Cor. 4. — The centres of the three ©a of similitude 
of three given Os taken in pairs are collinear. 
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SECTION" III. 
Theohy of Haemohic SECDiotr, 

Dbf. — If a Une AE le divided internally in, the 
point C, a«(? ex:- j^ o c b d 

temaliy in the ' ''-~' ' ' 

point D, so that the ratio AC : CB =j - ratio AD : DB ; 
the points C aad D are called harmonic conjugates to 
the points A, B. 

Since the segments AC, CB are raeasuied in the same 
direetion, the ratio AC ; CB is positive ; and AD, DE 
being measured in opposite directions, their ratio is 
negative. This explains why we say AC : CB = - AD 
: DB. We shall, however, usually omit the sign minus, 
unless ■when there is special reason for retaining it. 

Oor. — The centres of similitude of two given circles 
are harmonic conjugates, with respect to their centres. 

Prop, 1-— -9' C «^^ I* ^^ harmome eonjugates to A and 
B, and f/AB le hiseeted in 0, then OB is a geometric 
mean between OC and OD. 

Dem.— AC : CB : : AD : DB ; 

AC-CB AC + CB AD-DB AD + DB 



or OC : OB ! : OB : OD. 

Hence OB is a geometric mean between OC and OD, 

Prop. S. — If C and D ie harmome cor^ugatea to A and 
B, iheeireles descrihed on AB and CD aa dia/metera inter- 
seat each other orthogonally, 

Dem.^Let the Os inter- 
sect in P, bisect AB in 0; _/ 
join OP ; then, by Prop. 2, 
we have 00 . OD = 0B= = OP^ 
Hence OP is a tangent to the 
circle CPD, and therefore the ©s cut orthogonally. 
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Cor. I. — Any O passing through the points C and 
D will he cut ortliogonally by the O described on AB 
as diameter. 

Cor. 2. — The points C and D are iayerfie points with 
respect to the described on AB as diameter. 



For AC, AB, AD being three magnitudes, we have 
AC : CB : : AD : BB ; 
therefore AC : AB : : CB : ED ; 

that ie, the let is to the 3rd as the difference between 
the 1st and 2nd is to the difference between the 2nd 
and 3rd, which is the algebraic Definition, 

Cor. — In the same way it can be seen that DC is a 
harmonic mean between DA and DB, 



Beta. — Upon AB as diameter describe a © ; erect 
EP at right angles to AB through C ; draw tangents to 
the O at E, E, meeting in D ; 
then, since the A OED is right- 
angled at E, and EC is J. to 
OD, we have OC . OD = OE' i 
= OB'. Hence, by Prop, 1, C 
and D are harmonic conjugates 
to A and B. Again, from the 
same A, we have OB : DE : : DE : DC; but OD = 
k (BA + DB) = arithmetic mean between DA and BB ; 
and BE is the geometric mean and DC the harmonic 
mean between BA and BB, 

Cor. — The reciprocals of the throe magnitudes BA, 
BO, DB are respectively DB, DC, DA, with respect to 
BE' ; but DA, DO, DB are in arithmetical progression. 
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Hence the reciprocals oi linea in aritlimctieal progressioa 
are in harmonical progression. 

Prop, 4, — Aniline cutting a circle, and passing through 
ajixed^oint, is cut km-momoally bg the circle, the point, 
and the polar ofihepoint. 

Let D be tlie point, EI" its polar, BGH a line cut- 
ting the O in the points G and H, and the polar of D 
in the point J"; then the -a 

points J, D will be har- 
monic couiugates to H and 
G. 

Hera.. — Lot be the cen- 
tre of the © ; from let 
f allthe ± OK on KD ; then, 
since K and C aie right Zs, 
OKJC is a quadrilateral in a 
0;.-.OD.DC=ED.DJ;butOD.DC=DE'i .-. KB.DJ 
= DE'. Hence KD : DE : : DE : DJ ; and since KD, 
DE are respectively the arithmetic mean and the 
geometric mean between DG and DH, DJ (Prop. 8.) 
will be the harmomc mean between DG and DH. 

The following is the proof usually given of this 
Proposition :— Join OH, OG, CH, CG. Now OD . DC 
= DE' = DH . DG ; .'. the qnadrQateral HOCG is in- 
scribed in a C5 i .-. the angle OCH = OGH; and DCG 
- OHD ; but OGH = OHD ; .-. OCH = DCG. Hence 
HCJ =j GCJ; hence CJ and CD aro the internal and 
external bisectors of the vertical angle GOH of the 
triangle GCH ; therefore the points J and D are har- 
monic conjugates to the points H and G. Q. E. D. 

Cor. 1. — If through a fixed point D any lino be 
drawn cutting the © in the points G and H, and if 
DJ be a harmonic mean between DG and DH, the 
locus of J is the polar of D, 

Cor. 2. — In the same case, if DK be the arithmetic 
mean between DG and DH, tie locus of K is a ©, 
namely, the © described on OD as diameter, for the 
/ OKD is right. 
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Prop. 5. — If ABC he a triangle, CE a line through 
the vertex parallel to the base AB ; then any transversal 
through D, the miMle of KB, will meet CE in a point, which 
will he the harmmie eot^'ugate 
o/D, ieith respect to the points 
in which it meets the siies of 
the triangle. 

Dem. — From the similar 
As FCE, FAD -we have 
EF : ED : : CE : AD ; but 
AD = DB;.-.EI': FD::l 
:DB. 

Again, from the similar i 
Aa CEG, BDG, we have ' 
CE ; DB : ; EG : GD ; 




therefore 



EF : FD -. : EG : GD. 



Q.E.D, 



Dees. — ^ we join the points C, D (see last diagram), 
the system, of four lines CA, CD, CB, CE is called a har- 
monic pencil; each of the fow lines is called u ray ; the 
point C is called the vertex of ike pencil; the alternate 
rags CD, CE are said to he harmonie corrugates with 
respect to the rays CA, CB. We shall denote such a 
pencil Ig the notation (C . EDGE), where C is the vertex; 
CF, CD, CG, CE the rags. 

Prop. 6. — If a line AJB he cut harmonically in C and D, 
and a harmonic pencil (0 . KQGTy) formed h- ' ' ' 
points A, B, C, D to m.y ^ 

point ; then, if through 0, 
a parailel to OD, the ray 
eot^ugate to OC he drawn, 
meeting OA, OB in G and H, 
GH will he hiseoied Mi C. 

OD : CH : : DB : EC ; 
andOD:GC::BA: AC; 
but DB : BC : : DA : AC ; i 

OD : CH : : OD ; GC, Hcnoo GC = CH. 
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Cor. — Any transvorsal A'B'C'D' cutting a tarmonic 
pencil ia cut harmonically. 

For, thiough C draw G'H' ]| to GH ; then, by 
Prop. 8, Section I., G'C : C'H' : : GC : CH; .-. G'C 
= C'H'. Hence A'B'C'B' is cut harmonically. 

Prop. 7. — The Unejommg the inUrseotion of two oppo- 
site sidea of a gtiaSrilaterai with the intm-seetion of its 
diagonals farms, with the third diagonal, a pair of ray a, 
whieh are hormonie eot^iigates with these sides. 

Let ABCD be the quadrila- f 

toral "wtose two sides AD, BC 
meet in F ; then the Hue FO, 
and the third diagonal FE, 
form, a pair of conjugate rays 
with EA and FB. 

Dem. — Through draw OH 
1] to AD ; meet BO in G, aad ^^ 
the third diagonal in H. Then " 

OG = GH (Prop. 8, Section I.). Honce the pencil 
(F . AOBE) is harmonic. In like manner tlie pencil 
(E . AODF) is harmomo. 

Prop. 8. — If fow colUnear poiftfs form a harmonio 
system, their fowr polars with respect to cmy circle farm 





Lot A, C, B, D be the four points, P the polo of 
tjicir lino of coUincarity with respuot to tlie OX; let 



y Google 



B2 A SEQUEL TO EUCLID. 

be the centre of X. Join OA, OB, OC, OD, and let 
faU tlie Xs PA', PB', PC, Piy on these lines; then, 
by Prop. 25, Section I., Book III., PA', PB', PC, PD' 
are the polars oi the points A, B, C, D ; and since the 
angles at A', C, E', D' are right, the O described oa OP 
as diameter will pass through these points ; and since the 
system A, E, C, D is harmonic, the pencil (0 . ABCD) 
is harmonic ; hnt the angles between the rays OA, OB, 
00, OD are respectively equal to the angles between 
the rays PA', PB', PC, PD' (III., sxi.). Hunoe the 
pencil (P . A'B'CD') is harmonic. 

Dkp. — ^ar points in a eirole which eonneci jeith any 
fifth point in the eireumfermee by four lines, forming » 
harmonie pmcilf are cmed a harmonic system of points 
on the circle. 

Prop. 9.—^ from any point two tangents be drawn 
toaeirele, the points of contact and the points of intersec- 
tion of any secant from tlis same point form a harmonic 
system of points. ^ 

Dem. — Let U be the point, QA, 
QB tangents, QCD the secant ; 
take any point P in the eiroumfe- 
renee of the 0, and join PA, PC, 
PB, PD; then, since iB is the 
polar of Q,, the points E, Q are 
harmonic conjugates to C and D ; 
.-. the pencil (A . QCED) is hai- j 
monie ; but the pencU (P . ACBD) 
is equal to the pencil (A . QCED), 
for the angles between the rays of one equal the angles 
between the rays of the other ; therefore the pencil 
(P . ACBD) is harmonic. Hence A, C, B, D form a 
harmonic system of points. 

Cor. 1. — If four points on a O form a harmonio 
system, the line joining either pair of conjugates 
passes through the pole of the hue joining the other 




Cor. 2. — If the angular points of ( 
inscribed ina O formahaimonic syrtcn 



quadrilateral 
, the rectangle 
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contained by one pair of opposite sidoa is eqnal to tlie 
rectangle contained by the other pair. 

Prop. 10. — If through any point Otwo Unei le drawn 
cutting a oirch in four points, then joining these points 
loth direoth/ and tramversely ; and if the direct lines meet 
in P tmd the transverse lines meet in Q, the line PQ mil 
he the polar of the point 0. 




Dem.— Join Or ; then the pencil (P . OAEB) k 
monic (Prop. 7) ; .-. the points 0, E aro haii 
conjugates to the pointa A, B. Hence the polar of 
passes through E (Prop. 4). In like manner, the 
polar of passes through F ; .-. the line PQ, which 
passes through the points E and !F, is the polar of 0, 
Q.E.D. 

Cor. 1. — If we ]oin the points and Q, it may he 
proved in lite manner that OQ is the polar ol P. 

Cor. 2.— Since PQ is the polar of 0, and OQ the 
polar of P, then (Cw. 1, Prop. 16, Section I., Book III.) 
OP is the polar of Q. 

Deb. — Triangles such as OPft, which possess the pro- 
perty that each side is the polar of the opposite angular 
point with respect to a given circle, are called self-con- 
jngate triangles with resped, to the circle. Again, if we 
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consider the four pomts A, B, 0, D, thei/ are joined hy 
three pairs of lines, which intersect in the three points 
0, P, Q, reepeetively ; then, on account of thehannonie 
properties of the qttadrilateral AUCD and the triangle 
OPti, I propose to call OPQ (he harmonic triangle of the 
t^uadrilatcral. 

Prop. 11. — If a qvadrihteral le insertbed in a eirele, 
and at its angular points four tangents he dravm, the six 
points of intersection of these four tangents lie inpairs on 
the sides of the harmonic triangle of the inscribed quadri- 
lateral. 

Dem.— Let the tangents at A and B meet in K (see 
flg., last Prop.) ; then tlio polar of the point K passes 
through 0. Hence the polar of passes through X ; 
therefore the point K lies on P^. In like manner, 
the tangents at C antl D meet on PQ. Hence the Pro- 
position is provei. 

Cor. 1. — Let the tangents at E and meet in L, at 
C and D in M, at A. and D in IS^ ; then the qnadrilateial 
KLMN wQl have the lines KM (Pa) and LK (Oft) as 
diagonals ; therefore the point Q. is the intersection of 
ita diagonals. Hence we have the following theorem ; — 
^ a gmdrilaterdl he imorihcd in a eirele, and tangents he 
drawn at its angular points, forming a cireimserihed 
quadrilateral, the diagonals of the two qmdHlat^als are 
concurreni, and form a harmonic pencil. 

Cor. 2. — The tangents at the points B and D meet 
on OP, and so do the tangents at the points A and C. 
Hence the line OP is the third diagonal of the quadrila- 
teral KLMN" ; and the extremities of the third diagonal 
are the poles of the lines BD, AC. Sow, since the lines 
BD, AC are harmonic conjugates to the lines QP, 0,0, 
the poles of these four lines form a hai-monio system 
of points. Hence "we have the following theorem : — 
If tangents he drmrn at the tmgidar points of an mscrihed 
quadrilateral, forming a eireumscrihed fuadr Hater al, the 
third diagonals of these two quadrilaterals are coincident, 
and the extremities of one are harmonic confmates to 
the extremities of the other. 
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SECTION IV. 
Teeoet of Ikvkhsiom-.* 

Dbp. — IfK. he a eirck, Us eentre, P and d two points 
on any raSius, Meh that the reetangle OP . OCi = squm'9 
of the radim, thm P and ft are ccdled invorse points 
with respect to the circle. q 

If oae of the points, say Q,, c 
aoribe any euive, a circle for i 
stance, the other point P 'will / 
describe the inverse oorye. ( 

"We have already given in Book \ 
III., Section I., Prop. 20, the in- 
version of a right lice; inBooklV., 
Section I , Piop. 7, one of its most important appli- 
c ition^ This section will give a systomatio account 
of thi'j method of transformation, one of the most 
elegant m Greometry. 

Prop 1 — The inverm of a circle is either a Une or a 
ettcle, aoi,o}dtng as the eentre of inversion is on the cir- 
cumference of t!ie circle or not on the cvreumfercnee. 

Sem. — 'We have proved the first case in Book III, ; 
the second is proved as 
follows ; — Let Y he the 
© to be inverted, the 
centre of inversion ; take 
any point P in T; joi 
OP, and make OP . OCi 
= constant (square of ra- 
dius of inverBioc) ; then 
Qis the inverse of P: it is required to find the locus of 
Ci. Let OP produced, if necessary, meet the © Y again 

* Tliis meliod, one of the most import ant in lie whole range of 
Geometry, is the joint discovery of Doctors Stubbs and Ingram, 
Fellows of TriniW College, Dublin (see the l^amaetions of the 
Dublin Philceophioal Soeiety, 1843). The next writer that 
employed it is Sir William llomaon, who by its oid gave geo- 
meti'ical proofs of some of the'^ost difficult propositions in the 
Matiematioal Theory of Electdoity (see Clerk MaxwoE on 
" Electiicity," Vol. !., Chapter xi.). 
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at R ; then the rectangle OP . OH = square of tangent 
from (III. xxxYi.), and .-. = constant, and 0? . Oft 
is constant (hyp.) ; .-. the ratio of OP . OE. : OP . Oft 
is constant : hence the ratio of OR : Oft is constant. 
Let C be the centre of T ; join OC, CE, and draw QD 
II to CR. liTow OR : Oa : : CR : QD; .-. the ratio of 
CE. ; QD is constant, and CR is constant ; .'. ftD is 
constant. In like manner Oil is constant; .'. D is a 
given point; .-. the locus of ft is a ©, -whose centre 
is the given point D, and whose radius is DQ. 

Cor. 1. — The centre of iuversion is the centre of 
similitude of the original circle T, and its inverse. 

Cor. 2.-— The circle T, its inverse, and the circle of 
inversion arc coaxal. For if the © T be cut in any 
point by the O of inversioii, the O inverse to Y tvlU 
pass through that point. 

Prop. 3. — If two etrdes, or a line and a circle, touch 
each other, their inverses mil also touch each other. 

Dem.— Iftwo ©a, or a line and a © touch each other, 
they have two consecutive points common ; hence their 
inverses will have two consecutive points common, and 
therefore they touch each other. 

Prop. 3. — If two ciroles, or aline and a circle, intersect 
each other, their angle of interseciion is equal to the angle 
of intersection of their in/versi 

Dem.— Let Pft, PS be 
parts of two ©s inter- 
secting in r ; let be the 
centre of inversion. Join 
OP ; let ft and S be two 
points on the ©s very 
near P. JoinOQ.OS, Pft, 
PS ; and let R, U, V be 
the inverses of the points 
P, ft, S. Join TIE, TR, 
and produce OP to X. 
Tfow, from the construc- 
tion, TJ and V are points ' 
on the inverses of the ©8pQ,P8. And since the rect- 
angle OP . OR = rectangle Oft . OTJ, the ijuadrilateial 
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EPQir is inscribed in a © ; .■. tho Z OETJ = OCiP ; 
aad -when Q, is infinitely near P, the Z OQP = QPX ; 
.■. the Z OETJ ia uitimately = QPX. In like manner, 
the Z OUT is ultimately equal to the Z 8PX ; .-. the 
Z URV IB -ultimately equal to the Z OPS. No-w 
QP, SP are ultimately tangents to their respective 
circlea, and .-. the Z QPS is their angle of intersection, 
and TIBV is the angle of intersection of the iayerses 
of the circles. Hence the Proposition is proved. 

Prop, 4. — An^ two circles can be inverted into them- 
selves . 




Sem. — Tate any point in the radical axis of the 
two 0s ; and from draw two Hues OPF, Oatt', 
cutting the ©s in the points P, P', Q., Q.' ; then the 
rectangle OP .OP'=the rectangle OU . OQ,' = square of 
tangent from to either of the circles, and ,■. equal 
to the sqnare of the radius of the circle whose centre 
is 0, and which cuts both circles orthogonally. Hence 
the points P', Q' are the inverses of the points P and 
Q with respect to tie orthogonal circle ; and therefore 
while the points P, U move along their respective 
circles, thoir inverses, the points P', Q', move along 
other parts of the same circles, 
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Cor. 1. — The circle of aelf-inversion of a given circle 
cuts it orthogonally. 

Cor. 2. — Any three circles can be inverted into them- 
selves, theit circle of self-inversion being the circle 
■which cuts the three circles orthogonally. 

Cor. 3. — If two circles be inverted into themselves, 
the line joining their centres, namely ABCD, will bo 
inverted into a circle cutting both orthogonally ; for 
the line ABCD cuts the two circles orthogonally. 

Cor. 4. — Any circle cnttiag two circles orthogonally 
may be regarded as the inverse of the Hue passing 
tlirough their centres. 

Cor. 5. — If ABCD be the line passing through the 
centres of two circles, and A'B'C'D' any circle cutting 
them orthogonally ; then the points A', B', C, B' being 
respectively the inverses of the points A, B, C, D, the 
four lines AA', BB', CC, DD' will be concurrent. 

Cor. 6. — Any three circles can be inverted into three 
circles whose centres are coUineai. 

Prop. 

equal cw 

Dem.— let X, T be the 
radii ; let V, W he the in- 
verse Os, p and p' their 
radii ; and let be the 
centre of inversion, and T, 
T' the tangents from to 
X and T, and E. the radius 
of the circle of inversion. 
Then, from the Demonstra- 
tion of Prop. 1, we have 

»- : p : : T= : B' ; 

/ : p' : : T'= : ^\ 



■Aft/y two circUs eon. he inverted into tivo 
Iginal Os, ?■ and / their 




.'. the ratio of T" : 'F' is given; and, consequently, the 
ratio of T : T' is given. Hence if a point be found, 
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such that the tangents drawn from it to tlie two Os 
X, Y -will be m the ratio of the sc[iiare roots of their 
radii, and if X, Y, be inverted from, that point, their 
inverses will be equal. It will be seen, in the next 
Seotioa, that the locus of is a circle coaxal -with X 
andY. 

Cor. 1. — Any three circles can he iavertedimto three 
equal circles . 

Cor. 2. — Hence can be inferred a method of de- 
scribing a circle to touch any three circles. 

Cor. 3. — If any two circles be the inverses of two 
others, then any circle touching throe out of the four 
circles wiU also touch the fourth. 

Cw. 4. — If any two points be the inverses of two 
other points, the four points are coneycKo. 

Prop. 6. — If &■ s'M? B he any two points, a centre 
of inversion; and if the inverses of A, B be the points 
A.', B', and^p, p', the perpendiculars from on the lines 
A3, A'B'; then A3 : A'B' •.tp-.p'. 

Dem. — Since is the centre of inversion, we have 
OA.OA'= OB .OB'; 
therefore OA : OB : : OB' : OA'. 

And the angle is common to the two Aa AOB, A'OB'; 
.-. the As are equiangular. Hence the Proposition is 
proved. 

Prop. 7. — JfA, B, G . . . Ij he any number of col- 
linear points, ii>6 have 

AB + EC + CD . . + LA - 0. 
(Since LA is measured backwards, it is regarded aa 
negative.) Wow, let p be the -L from any point on 
the line AL ; and, dividing by p, we have 

AB BO CD LA 

+ — + .. + = 0. 

p p p p 

Let the whole bo inverted from ; and, denoting the 
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IS of the points A, B, C . . . L by A', B', C . . . 
L', we have from tho last Article the foUowing geuoral 
theorem : — If a polygon A'E'C . . .J/ of any number 
of aides he inscribed in a circle, and if from any point 
in its eireumfm-mee perpendiculars Sa let fall on the sides 
of the polygon; then the sum of the Quotients obtained by 
dividing the length of each side by its perpendicular is 
%ero. 

Cor. 1. — Since one of the Xs muBt fall externally 
on its side of the polygon, while the other J-s fall in- 
ternally, this J. must have a contrary sign to the re- 
mainder. Hence the Proposition may he stated tims ; — 
Jfta length of the aide on which the perpendicidc^ falls 
externally, divided by its perpendiculm; is equal to the mm 
of the quotients arising by dividing each of the remaining 
sides Ey its perpenMeular. 

Cor. 2. — Let there he only throo sides, and let the 
J,a he a, 0, y, then, if if, b, c denote the lengths of 
the sides, &e., 



Prop, 8.— If A, B, C, D he four coUinear points. A', 
B', C, D' the four points inverse to them; then 



AC . BD A'C . B'B' 



AB . CD A'B' . G'ly' 




Dem. — Let he the centre of inversion, and p the 
J. from on the line ABCD; and let the Xs from 
on the lines A'B', A'C, B'D', CD' he denoted hy a, j5, 
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wo have the following eijuali- 

A'C'.i> 




Henoe multiplyicg, audrememheriagthatthe rectangle 
ySyia equal to the rectanglu aS (see Prop. 11, Section I., 
Book III.), we got 





AC. 


BB 


A'C 


• B'D' 




AB . 


CD ' 


' A'B' 


.CD'' 


AC 


.ED 


: AB, 


CD: 


AD. BO 



: : A'C . B'D' : A'B' . CD' ; A'D' . B'C. 

Cor. 2.— If the points A, E, C, D form a _ 
system, the points A', B', C, D' form a haimouio system. 
In other words, the inverse of a harmonio system of 
points forms a harmonic system. 

Cor. 3.— If AB = BC ; then tha points A.', W, C, 
form a harmonic system of points. 

Prop. 9. — If two eirchs he imerted into two others, the 
egum-e of the common ttmgmt of the first fair, divided iff 
the rectangle contained hy their diameters, is equal to tn» 
equm-e of the common tat^ent of the second pair, divided 
ly the reetanffle eontaimd ly their diameters, 
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Dem,— let X, Y be tte original ©s, X', T' tteir 
inverse Qa, ABCD tlia line through the centres of X 
and T, and let the inverse of the line ABCD he the O 
A'B'CD'; then, since the line ABCD cuts orthogonally 
the Gs X, T, its iuvorae, tho © A'B'CIl', cuts orthogo- 
nally the 0a X', T'. Let ahd he the line through the 




centies of the ©s X', Y' ; then aiod cnta the 0s X', 
T' orthogonally ; hence the © A'B'CD' ia the inverae 
of the liae abed with respect to a G oJ inversion, which 
inverts the ©b X', Y' into themaelvea (aee Prop. 4, 
Cor. 3). Hence, hy Prop. 8, each of the ratios 

.M 



AC 
AT 


.BD a 
.CD' a 


to the ratio 




A'C . BT)' 



A'B'.C'U" 

^^ ^ AC . BD ao . M 

therefore ,-r, r.-r, = i. — 5- 

AB .CD aJ . ed 

Tho numeratora of these fractions are equal respectiTely 



y Google 




to the squares of the common tangents of the pairs of 
circles 5, Y; X', Y' (seeProp. 8, Sectio3iI.,Bookni). 
Hence tlie Proposition 
is proTed. 

Cor. 1.— If C,, Cj, 
Ca, &C-, be a series of 
circles, touohlng two , 
parallel lines, and. also | 
touching each other; i 
then it is eTident, by making the diagram, that the 
square of the direct common tangent of any two of 
these circles, such as C„, C„+„, which are separated by 
(ffi - 1) circles, is = w' times the rectangle contained by 
their aiam.eters. Henoe, by inversion and by the theo- 
rem of this Article, we have the following tiieorem ; — 
If A. and B be way two eemictrclee in contact with each 
other, and also in contaot with another semicircle, on 
whose diameter they are deserihed; and if circles G„ Qj, Cj 
he deseribed, touching them as in the dtagrmn, the X 
from the centre of G„ on the Um AB = w times the 
diameter of C„, where n denotes any of the natwal num- 
bers 1, 2, S, ^e. 

This tJieorem will immediately follow by completing 
the semicircles, and describing another system of circles 
on the other aide equal to the system Cj, Cj, Cj, &o., and 
similarly placed.* 

Prop. 10. — If four circles be all touched by the same 
eirele; then, denoting by 12, the common tangent of the 
1st wndind, ^c, 

T2 . 34 + 14. 23 = 13 . 24. 

Dem. — Let A, B, C, D be four points tahen in order 
oa a right line ; then, by Prop. 7, Section I., Book II., 

AB . CD + EC . AD = AC . BD. 
Now, let four ai'bitrary circles touch the line at the 
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points A, B, C, D, and let their diameters be 6, S", 8", 
S'"; then we have 

JlB . CD EC. AP AC.EP 

and by the last Proposition each of tlio fractions of this 
equation remains unaltered hy inveraioa. Hence, if the 
diameters of tie inverae circles be denoted by d, d', d", df", 
and tlieir common tangents by 12, &c., we get 



\/rfrf' . ^/d"d"' -/d'^' . yd-d ^M' . ^d'd'" ' 

Hence 12 . 34 + 23 . 14 =13 . 34.* 

Cor. 1. — If four arbitrary circles touch a given circle 
at a haimonic system of points ; then 



Cor. 2. — The theorem of this Proposition may be 
irritten in the form 



12 . 84 + 23 . 14 + 31 . 24 = 0; 

and in this form it proves at once the property of the 
"Nine-points Circle." For, taking the ©s 1, 2, 3, 4 
to bo tho inscribed and oscribed ©s of the A, and re- 
membering that when ©s touch a line on different 
sides, we are, in the application of the foregoing theo- 
rem, to use transverse common tangents, Hence, 
making use of the results of Prop. 1, Section I., Book 
IV.. we get _ _ _ 

13 . 34 + 23 . 14 + 31 . 34 
H i' _ ^ + „J _ a= + ^ _ i= = 0. 

Hence the ©s 1, 2, 3 4 are all touched by a fifth ©. 

This theorem is due to Feueibach The following 

simple proof of this now celebrated theorem was pub- 
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lished by me in the QuarUrhj Journal for Febiitary, 
1861 :— 

" IfXSC le aplane triangle, the circle passing through 
the feet of ita perp^dimlars fouehea its inserdiei and 
esorihed circlet." 




Dem. — Let the inserlhod and escribed ©s be de- 
noted by 0, 0', 0", 0'", the circumBcribed © by X, 
and the © through ieet of ±s by S. ^Now, if P be 
the intersection of J.s, and if the lower Begmonts of 
-La be produced to meet X, the portions intercepted 
between P and X are bisected by the sides of ABO 
(Prop. 13, Section I., Book III.). Hence S passes 
through the points of bisection, and therefore P is the 
external centre of similitude of X and 2. 

Let BE be the diameter of X, which bisects EC. 
Join PD, PE, and bisect them in Q and H ; then S 
must pass through tho points Q amd H ; and since GH 
is [[ to DE, &H must be the diameter of S ; and since S 
passes through T", the middle point of EC (see Prop. 5, 
Section I., Book IV.), the Z GFH is right. Again, 
if from the point D three J_s be let fall on the sides of 
ABC, their feet are collinear, and the Htis of colli- 
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nearity evidently is -L to AD and it bisects PD (see 
Prop. H, Section I., Book III.). Honce FG is the line 
of collinoaiity, aad PG- is -L to AD. Let M be tlie 
point of contact of witli BO ; join GfM, and let fall 
the ± HS. How, einoe PM is a tangent to 0, if from 
M" wo draw (mother tangent to 0, we have PM' = FN° 
+ square of tangent from If {Prop. 21, Section I., 
Book III.); but EH = ^ (AB -AC). Houoe PW 
= PB,.PI (Prop. 8, Cor. 5, Section I., Book IV.) 
= PE . PN ; .-. aiiuare of tangent from H" = PN . H"E. 
Again, lot GT be the tangent from Gt to ; then GT' 
= square of tangent from N + GN' = PH . KK + GH^ 
= GP'. Hence the O wliose centre is G and radius 
GF will cut the circle orthogonally ; and .-. that O 
will invert the circle into itself, and the same O 
will invert the line EC into 3 ; and since BO touciies 0, 
their inverses will touch (Prop. 2). Hence S touohes 
0, and it is evident that S is tb,e point of contact. 

In like manner, if W be the point of contact of 0' 
with BO, and if we join GM', and let fall the -L HS' 
on GM', 8' will be the point of contact of 5 with 0'. 

Cor. — The circle on PR as diameter cuts the circles 
0, 0' orthogonally. 

Prop. 11. — De. HiKi's EsTBHsro.'T op Fbubrbach's 
Theoebm : — ^ tJie three sides of a plmie triangle le re- 
placed hy three circles, then the cireUs touching these, which 
•esponi to the inscribed and escribed circles of a plane 
■e all toicehed bg another oireU. 

Dem. — Let the direct common tangents be denoted, 
as in Prop. 11, by 12, &e., and the transverse by 12', 
&o., and supposing the signs to correspond to a A whose 
sides are in order of magnitude a, b, c\ tben we have, 
because tlie side a is touched by the 1 on one side, 
and by the Os 2, 3, 4 on the other aide, 

12' . 34 + 14'. 23 = ll^. 24; 

12'. 34 + 24" . 13 = 23^. iT; 

Is"' . 24 + 34' . 12 = 23"' . iT 

Hence I? . 23 + 34' . 12 = 2? . iT; 
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showing that the four cirobs are all touched by a oirole 
having the circle 4 on one sidej and the other three 
oiroles on the other. This proof of Dr. Hart's ex- 
tension of Feuerbaoh's theorem was puhliahed hy me in 
the Proeeeiings of the Soyal Irish Aead'erny in the year 
1866. 

Prop- 12. — If two eircha X, Y he so related that a 
triangle may le inscribed m X and described about T, the 
inverse of^ with respeet to T is the '^Nine-Joints Circle" 
of the triangle formed by joining the joints of contact 

Bern. — Let ABC he the A 
inscribed in X and described 
about T ; and A'B'C the A 
formed by joining the points 
of contact on Y. 

Let 0, 0' be the centres E 
of X and Y. Join O'A, inter- ' 
eeeting B'C in D ; then, ctI- 
dently, D is the inverse of 
the point A with respect to 
Y, and D is the middle point of B'C. In like manner, 
the inverses of the points B and C are the middle 
points C'A' and A'B'; .-. the invorso of the © X, which 
passes through the points A, B, C with respect to Y, 
is the © which passes through the middle points of 
B'C, C'A', A'B', that is the "Mne-points Circle" of the 
triangle A'B'C. 

Cor. l.—li two 08 X, Y be so related that a A in- 
Bcribod in X may be described about Y, the O in- 
scribed in the A , formed hy joining the points on Y, 
touches a fixed circle, namely, tho inverse of X with 
respect to Y, 

Cor. 2. — In the same case, if tangents be drawn to 
X at the points A, B, C, forming a new A A"B"C", 
the O described about A"B"C" touches a fixed circle. 

Cor. 8. — Join 00', and produce to meet the © X in 
the points E and 3?, and let it meet the inverse of X 
with respect to Y in the points P and Q ; then PQ is 
the djamete;' of the " If ine-points Circle" of t}ie A 
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A'T/C, and is .-. = to the radius of Y. Kow, let the 
radii of X and Y be E, r, and let the distance 00' be- 
tween their centres he denoted by S ; tien we have, 
because P is the inverse of E, and Q of F, 



OT 



OT + ca = pa = ?■ ; 



E + 



n- 



a result already proved by a different method (see 
Prop. 11, Section I.). 

Prop. 13. — If a variable cTwrd of a circle subtend, a 
right angle at a fixed point, the hew of its poh is aeircle. 




Dem. — Let X be the 



circle, AB the vaiiable 
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clioTd whici. siibteiids a right Z at a fixed point P ; 
AE, EE tangenta at A and B, tliea E is the pole ol 
AB ; it 13 rec[iiired to find the locus of E. Let be 
the centre of X. Join OE, interseetiag AB in I ; then, 
denoting the radius of X by t, we have OP + AI' = »-^; 
but AI = IP, smce the Z APE is rigit; .". 01' + IP' 
= r° ; .-. in the A OIP there are given the base OP in 
magnitude and position, and the Bnm of the squares of 
01, IP in magnitude. Hence the locus of the point I 
is a O (Prop. 2, Cor., Book II.). Let this be the O 
ITTH. Again, since the Z OAE is right, and AI is J- 
to OE, we have 01 . OE = OA" = r'. Hence the point 
E is the inverse of the point I with respect to the 
X ; and since the locus of I is a ©, the locus of E will 
be a circle (see Prop. 1). 

Prop. 14. — If two circles, whose radii we B, r, and 
distamee htween their centres B, he such that a ^■uadrt- 
lateral inscribed in one is circumscribed about the other ; 
then 

] 1 I 

(B + S)' ■*" (K. - 8)= " r^' 

Dem. — Produce AP, BP (see last fig.) to meet the 
© X again in the points C and D ; then, since the 
chords AD, DC, CB subtend right Zs at P, the poles 
of these chords, viz., the points H, G, F, will be points 
on the locus of E ; then, denoting that locus hy Y, we 
see that the quadrOateral EFGH is inscribed in T and 
oiroumacrihed about X. Let Q be the centre of T ; then 
radius of T = E, and Oft = S. 'Sow, since His a point 
on the locus of I (see Dcm. of last Prop.), OW + PW' 
= r-" ; but P]Sr = OK ; .-. OW + 0R» = r'. Again, let 
CO, produced meet Y in the points L and M ; then 
L and M are the inverses of the points K and K with 
respect to X. Hence 

OM".0L = r'; that is OTT . (E. + S) = 7^; 
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In like 


maimer, OK 


^ 


but wc 


have proTed OW 


+ OS= = r=; 


thorofo 


■■" (11 + Sf 




or 


(E-^S)^ 


1 

+ (ll-S)^ 7 



This Proposition is an important one in tto Theory of 
Elliptic Junctions (see Durege, Tkeorie dt»- lElUpUsehen 
Funetiomn, p. 185). Ourproofia as simple and elemen- 
tary as could be desirfid. For anothei proof, by R. T. 
Davis, M.A., see Educaiional Times (reprint), toI. xxxii. 

Prop. IS.—T/A^C h a plane trimgle, AJ>, BE, Q^its 
perpmdioulars, their point of interssctim, then the four 
eirchswhose emffy-esareA,'B,G,0, r. 

and the squares oftohoseradUare 
respeetivdy equal to the rectangles 
AO . AD, BO . BE, CO . CF, 
A . OD, are mtitualli/ orthogonal. 

Dem.— AO . AD + BO . BE 
^= AF . AB + JBF . BA = AB^ 
Hence the sum o£ the squares ■ 
of the radii of the 0a whose 

centres are the points A, B = AB'; .■. these ©s cut 
orthogonally. Similarly the 0s whose oentres are C 
and A cut orthogonally. 

Again, lot us consider the fourth 0, whose centre ia 
the point 0, and tlie square of whose radius is =to the 
rectangle OA . OD. Ifow, since OA and OD are mea- 
sured in opposite directions, they have contrary signs ; 
.■. the rectangle OA . OD is negatiYe, and the has a 
radius whose square is negative; hence it is imaginary; 
but, notwithstanding this, it fulfils the condition of in- 
tersecting the other 0s orthogonally. For AO . AD + 
OA . OD = AO . AD - AO . OD = AO' ; that is, tlie 
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sum o£ the squares o£ the radii of the circles whose 
centres are at the points A, = AO'. Eeece theae 
circles cut orthogonally. 

Observation. — In this Demonatation we have made the A 
acute-angled, snd the iumginaiy O is the one whoae centre is at 
ihe intereeotion of the _L a, and tta three othora aro real ; hut if 
the A had an ohtuBs angle, the imaginiaj O would be the one 
■whose centre is at the ohtuse angle. 

Prop. 16. — If four cirehs he mutually orthogoncd, and 
ifanyjlgure ie inverted with respeet to each of the four 
circles in meeeseion, the fourth itwermn will coincide with 
the original figure. . 

Dem. — It will plainly he 
sufficient to prove this Pro 
position for a single point, 
for the geaeral Proposition 
will then follow. Let the 
eeatres of the four ©s he 
the angular points A, B, 
C of a A, and the inter- 
section of its -La t the 
sc[uares of the radii will 
he AB . AP, BA . BT, - 
CO . OF, OF . CO. H"ow 
let P be the point we operate on, and let P' he its in- 
verse with respect to the A, and P" the inverse of 
P' with respect to the B. Join P"0 and CP meeting 
in P"'. JTow, since P' is the inverae of P with respect 
to the A, the square of whose radius is AB . AP, 
we iave AB . AF = AP . AP' ; .-. the A AFP is equi- 
angular to the A AP'B ; .-. Z APP = AP'B : in like 
manner the Z BFP" = AP'B, .-. the As AFP, BP"P 
are eijuiangular, .-. rectangle AF . FB = PF . FP". 
Again, because is the intersection o£ the -Ls of the 
A ABO, AF . FB = OF . OF. Hence CF . OF = 
PF . FP", and the Zs CFP aad OFP" aro eiiual, since 
the Zs AFP and BFP" are equal ; .". the As P"FO and 
CFP are eiiuiangular, and the Zs OP"F and PCF are 
equal ; henee the four points C, P", F, P'" are ooacyelic j 
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.-. rectangle OP" . OP'" = rectangle OC . OP ; the point 
P"' is the inyerse of P" with respect to the whoae 
centre is 0, and the square of whose radius is the 
negative quantity OC . OF. Again, the Z OFF 
= P'TO = OP"'P, .-. the four points 0, F, P"', P 
are concycKc; .-. CP . CP'" = CO . CE, and the pointP 
is the inTerse of P'" with respect to the O wliose centre 
is C, and the square of whose radiiia is the rectangle 
CP . CO, Hence the Propoaition is proved. 

The foregoing theorem is important in the Theory 
of Elliptic Functions, as on it depends the redaction of 
the rectification of Bicircular and Sphero-Quartics to 
Elliptic Integrals (see Phil. Tram., vol. 167, Part ii., 
" On a TTew Form of Tangential Equation"). 

The following elegant proof, which has been com- 
mnnicated to the author by "W. S. M'Cay, F.T.C.D., 
depends on the principle (Miscellaneous Exercises, 
Ho. 60), that a circle and two inverse points invert into 
a circle and two inverse points. 

Invert the four orthogonal circles from an intersec- 
tion of two of them and we get a circle (radius E), two 
rectangular diameters, and an imaginary concentric 
circle (radius .E\/-l). f 
cessive inversions with respect 
to these two circles turn P into 
Q, (OP = - OQ) ; and snooeasive / 
reflexions in the two diame' 
bring Q, back to P. 

This theorem can be extend- \ 
ed to surfaces, thus: "If five 
spheres be mutually orthogonal, 
and if any surface be inverted 
with respect to each of the five spher 
the fifth inversion will coincide with the original 
surface." 
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COAXiL CrEOLES. 

In Book m., Section I., Prop. 24, ■we have proved 
the following tlieorom : — 
"If from ani/ point 'P tan- 
gmls he drawn to two circles, 
the difference ofthetr iquarti 
w equal twice the rectangle I 
contained hy tkeperpendiou 
lar let fall f ran ~ 



The following special cases of this theorem are 
•: of notice : — 




(1). Let Pheontheciicumierenceof one of the circles, 
and we hare — If from any pomt "S ^ihe dreutttference 
of one circle a tangent he Sravm to another circle, the. 
sguare of the tangent is equal twice the rectangle con- 
tained hy the distance hetmeen their centra and the per- 
pendieular from P on the radical axis. 

(2). Let the circle to which the tangent is drawn be 
one of the limiting points, thm the square of the line 
draten from one of the limiting points to any point of a 
circle of a coaxal system varies as the perpendicular from 
thai point on the radical axis. 

(3). If "K., T, Z he three coaxal eireles, the tangents 
drawn from any point of Z toX. and Y are in a given 
ratio. 

(4). If tangents drawn from a variable point P to two 
given circles X and T have a given ratio, the locus of P is 
a circle coaxal mith X and Y. 

(5), The circle of similitude of two given circles is 
coaxal teith the two circles. 
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(6). If A. ani B he the points of eoniact, nport izoo 
ewehs S and Y, of tangents draien from any point of 
their ekeh of aimiUtude, then the tangent from A (o T 
is equal to the tangent from B fo S. 

Prop. S, — ThoQ circles being given, it is required to 
describe a system of eiroles coaxal with them. 

Con.— If tlie circles have real points of interseation, 
the prolDlem is solved hy deacribing circles through 
these points and any third point taken arhitrarily. 
1 points of intersec- 

Let X and Y he the given Os, P and Q their 
centres : draw AB, the radical axis of X and Y, inter- 
secting PQ in : from draw two tangents OC, OD 




to X and Y ; then OC = OD, and the described with 
as centre and OD as radius will cut the two Os X 
and Y orthogonally. Now take any point E in this 
orthogonal 0, and draw the tangent ER meeting the 
line BQ in R : from E as centre, and ItE as radius, 
describe a Z ; then Z will be coaxal with X and Y, 
For the line ER being a tangent to the O CDE, the 
Z. OER is right, .'. OE is a tangent to Z; and since 
OD = OE, the tangents fi-om to the ©a Y and Z ai-e 
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equal : hence OA ia the radical axis of T and Z ; .-. the 
three Oe X, T, Z are coaxal. In like manner, we eau 
get another circle coaxal with X and Y by taking any 
other point in the O CDE, and drawing a tangent, and 
repeating the eame construction as witb the Z. la 
this way we evidently get two infinite systems ai circles 
coaxal with X and T, namely, one system at each side 
of the radical axis. The smallest circle of each system is 
a point, namely, the point at each side of the radical 
axis in which the line joining the centres of X and T 
cuts the O CDE. These are the limiting points, and in 
ttis point of view we see that each limiting point is to be 
regarded as an infinitely small circle. The two infinite 
systems of circles are to be regarded as one coaxal sys- 
tem, the circles of which range from infinitely large to 
infinitely small — the radical axis being the infinitely 
large circle, and the limiting points the infinitely 
small. 

Cor. 1. — No circle of a system with real limiting 
points can have its centre between the limiting points. 

Cor. 2. — The centres of the circles of a coaxal system 
are eolHnear. 

Cor. 3. — The circle described on the distance between 
the limiting points as diameter cats all the circles of the 
system orthogonally. 

Cor, 4. — Every circle passing through the limiting 
points cuts all the circles of the system orthogo- 

Oor. 5. — The limiting points are inverse points with 
respect to each circle of the system. 

Cor. 6, — The polar of either limiting point, with 
respect to every circle of the system, passes through 
the other, and is perpendicular to the line of oollinearity 
of their centres. 

Prop. 3. — ^ two cirelei X and T out orthogonally, the 
polar with respect to X of any point A in T passes 
through B, the point diametrically opposite to A. 
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This is Prop. 26, Book III., Section I. The follow- 
ing are important deductions ; — 

Cor. l.~The circle A_ 

described oe the lino 
joining a point A to any 
point B in its polar, j 
with respeot to a given / 
circle, cuts that circle p 
orthogonally. 

Cor. 2.— The Inter- 
section of the J_s of the 
A formed by a pair of 
conjugate points A, B, 

■with respect to a given circle and its centre 0, is the 
pole of the line AB. 

Cw, 3. — The polars of any point A with respect to 
a coaxal system arc concurrent. For, through A and 
through the limiting points descrihe a : thii ( Cor 4 
Prop. 2) will cut all tho Oa orthogonally and the 
polars o£ A with respect to all the 0s of the y tern 
will pass through the point diametrically opp t to 
A on this orthogonal ; hence they are con nt 

Gar. 4. — If the polarsof avariablepointwith ep t 
to three given ©s be concurrent, the locus of th p nt 
is the which cuts the three given ©s orth ^ n lly 

Prop. 4. — If X], Sj, Xj, &c., he a sy&iem, of coaxal 
cirelea, and if Y he any other circle, then the radical axes 
of the pairs of circles Xi, T; Xj, T; Xb, T, &C; are 
conourrent. 

Dem. — The two first meet on the radical axis of Xi, 
Xa ; the second and third on the radical axis of X,, 
Xsi but this, by hypothesis, is tho radical axis of Xi, 
Sj ; hence the Proposition is evident. 

Prop. 5. — IfiiDo circles out two other circles orthogo- 
nally, the radical axis of either pair is the Urn joining the 
centres of the other pair. 

Bern. — Let X, Y be one pair cutting 'W, V, the other 
pair, orthogonally ; then, since X cuts "W and Y ortho- 
gonally, the tangents dravm from the centre of X to W 
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andVareeiiual; tence the mdieal a 

through the centi-e of X. In like manner the radical 

axis of W and V passea 

through the centre of 

Y; .■, thelinejoining 

the ceatres of the ©a / 

X and T is the radical V 

axis of the 03 "W" and \ 

V, In the same way 

it can be shown that 

tho lino joining the 

centres of "W and V is 

tho radical axis of X and T. 

Cor. 1, — If one pair of tho Os, Buoh asWandV, do 
Eot intersect, the oijier pair, X,T, will intersect, hecauae 
they must pass throTigJi the limiting points of "W" and T. 

Cor. 2. — Coaxal ©6 mayhe divided into twocIsBses — 
one system not intersecting oach other in real points, 
hut having real limiting points; the other system in- 
tersecting in real points, and having imaginary limiting 
points. 

Cor. 8, — If a system of circles he cut orthogonally hy 
two circles they are coaxal. 

Cor. 4. — If four circles be mutually orthogonal, the 
six lines joining their centres, two by two, ore also their 
radical axes, taken two hy two. 

Prop. 6. — If a system ofconcentrio circles he inverted 
from aim mbitrwij point, the inverse circles will form a 
coaxal system . 

Dem. — let be the centre of inversion, and P the 
common centre of the concentric system. Through P 
draw any two lines : these lines will cut the concentric 
Bjatem orthogonally, and therefore tJieirinverseB, which 
will be two circles passing through the point and 
through the inverse of P, will cut the inverse of the 
concentric system orthogonally ; hence the inverse of 
the concentric system will be a coaxal system (Prop. 5, 
Cor. 8). 

Cor, 1. — The limiting points will be the centre of 
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inversion, and tto inverse of tlic eommon centre of 
the original system. 

Cor. 2. — If a variable circle touch two concentric 
circles, it ■will cut any other circle concentric ■with them 
at a constant angle. Hence, hy inversion, if a variable 
circle touch two circles of a coaxal system, it will cut 
any otter circle of the system at a constant angle. 

Cot. 3. — If a variable circle touch two fixed circles, 
its radius has a constant ratio to the perpendicular from 
its centre on the radical axis of the two circles, for it 
cuts the radical axis at a constant angle. 

Cor. 4. — The inverse of a system of concurrent lines 
is a system of coaxal G s intersecting in two real points. 

Cor. 5. — If a system of coaxal circles having real 
limiting points be inverted from either limiting point, 
they will invert into a concentric system of circles. 

Cw. 6. — If a coaxal system of cither species be in- 
verted from any arbitrary point, it inverts into another 
system of the same species. 

Prop. 7. — If a, vwMle cirele iouck two fixed circles, 
its radius has a constant ratio to the perpendicular from 
its centre on tho radical axis. 

Hem., — This is Cor. 3 of the last Proposition; but it 
is true uniyersally, and 
not only as proved there 
for the case where the 
cuts the radical axis. On 
account of its importance 




proof here. Let the cen- 
tres of the fixed OsbeO, 
0', andthat of tho variabl e 
0". JoinOO',and pro- 
duce it to meet the fixed 
Os in the points C, C : —0— ^ 

upon CC describe a ; 

let 0'" be its centre : let faU the ±s 0"A, 0'"B o 
radical axis : let D be the point of contact of 0" with 
: then the lines CD and 0"'0" will meet iu the centre 
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of similitude of the ©s 0", 0'"; but this centre is a 
poiat on the radical axis of tho circles 0, 0' (see Prop. 4, 
Section II.). Hence the point E is on the radical axis, 
and, hy similar triangles, 
0"A : 0"'B : : 0"E : 0"'E : : radius of 0" : radius of 0'", 

.-. radius of 0" : 0"A : : radius of 0'" : 0"'B ; 

but the two laat terms of this proportion are oonstaat, 

.'. radius of 0" ; 0"A in a constant ratio. 

Prop. S.—If a eJm-A of one eireh he a tangent to 
miother, the angle which the chord subtends at either limit' 
ing^ini is bisected hy the line d/nmn 
from that limiting point to the^oint 
ef contact. 

Let CF be the chord, K the point [ 
of contact, E one of tlie limiting i 
points : the angle CEE is bisected by 
EK. EoT since the limiting point 
E is coaxal with the circles 0, 0' we 
have, by Prop. I. (3), 

CE : CK : : EE : EK ; 
.-. EC : EF : : KC : KF. 
Hence the angle CEF is bisected (VI. iii). 

Id. like manner, if G be the other limiting point, the 
angle CGF is bisected by GK. 

Cor. 1. — If the circles were external to each other, 
and the figure constructed, it would be found that tha 
angles bisected would be the supplements of the angles 
CEF, CGF. 

Cor. 2. — If a common tangent ho drawn to two 
circles, lines drawn from the points of contact to either 
limiting point are perpendicular to each other; for 
they are the interaal and external bisectors of an angle. 

Cor. 3,— If three circles be coaxal, a common tan- 
gent to two of them will intersect the third in points 
whioh are harmonic conjugates to the points of contact ; 
for the pencil from either limiting point will be a har- 
monic pencil. 
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Cor. 4. — If a circle be described about tlie triangle 
CEI", its envelope will bo a circle concentric with the 
circle whose centre is ; 
that is, with the circle 
whose chord is CF. 

( WTtea a ling or eiroh 
moves according to any given 
km, the mrve which it j 
tmteJiea in all its position 
is called its envelope.) 

Produce EK till it meets * 
the cJrcTimferenco in D ; 
then because the Z CEF 
is bisected by ED, the arc 
CDE is bisected in D ; hence the line OG, which joins 
the centres of the circles, passes through D and is -L to 
CF ; .-. O'E is II to OD ; .-. O'K : OD : : EO' : EO ; 
hence the ratio of O'K 01) is given , but O'K is given ; 
theiefore OD is given, and the O whose centre is 
and radius OD i^ given m position, and the O CEF 
touches it m D , hence the Pioposition is proved. 

Prop. 9 — If a system of coaxal eirdes have two real 
points of intei section, all 
lines drawn though eifhet 
potni are divided ptopor- 
twnallg hg the mcles 

Let A, B be the points of 
intersection of the coaxal 
system : through A draw 
two lines intersecting the 
circles again in the two 
systems of points C, D, E ; 
C, D', E' ; then 

CD:DE::C'D'rD'E'. 

Dem. — Join the points 0, D, E, C, D', E' to B ; then 
the As BCD, BCD' are evidently eiiuiacgular, as are 
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also the triangles EDE, BD'E' ; lionce 
CD : DB : : CD' : D'B ; 
DB:DB:;D'B : B'E'; 
therefore, ex aefuuU, 

CD : DE : : CD' : D'E'. 

Cor. 1. — If two lines be divided proportionally, the 
circles passing throtigli their point of intersection and 
through pairs of homologous points are coaxal. 

Cor. 2. — If from the point B pcrpeniiioulars be 
drawn to the lines ioining homologous points, the foet 
of these perpendiculara are collinear. For each lies on 
the line joining the feet of the perpendiculars fi'om B 
on the lines AC, AC 

Cer. S.^The circles described about the triangles 
formed by the lines joining any three pairs of homolo- 
gous points all pass through £. 

Cor. 4. — The intereection of the pei'pendiculars of 
bII the triangles formed by the lines joining homolo- 
gous points are collinear. 

Cor. 5. — Any two lines joining homologous points 
are divided proportionally by the remaining Imes of 
the system. 

Prop. 10. — To describe a etreU touching three given 
circles. 

Analysis. — Lot X, Y, Z be the three given Os, 
ABC, A'B'C two Os which it is required tJ) deecribe 
touching the three given ©s ; then, by Cor. 2, Prop. 4, 
Section IV., the © DBF, which cuts X, T, Z orthogo- 
nally, -wiU be the O of inversion of ABC, A'B'C, and 
the three 0s ABC, DEF, A'B'C will be coaxal ( Con 2, 
Prop. 1, Section IV.). 

Now, consider the O X, and the three ©s ABC, 
DEF, A'B'C; the radical axes of X and these ©s ai'C 
concurrent (Prop. 4) ; but two of the radical axes are 
tangents at A, A', and the third is the common chord 
of X and the orthogonal © DEF ; let P be their point 
of eoncurreitce. Again, from Prop. 4, Section 11., it 
follows that the axis of similitude of X, Y, Z is the 
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radical axis of tte Ga ABC. A'B'C; but smce PA = PA', 
being tangents to X, the point P is on this radical axis. 
Hence P is the point of interscotioE of two given lines, 
namely, the axis of similitude of X, T, Z, and the 
chord common to X and the orthogonal © DEP ; .'. P 
is a given point; hence A, A', tlie points of contact of the 
tangents from P to X, are given. Similarly, the points 




B, B'; C, C are given points. And we have the follow- 
ing construction, viz. : Describe the orthogonal oirch of 
X, T, Z, and draw the three ehm-ds of intersection of this 
eirele with X, Y, Z respectively ; and from the points 
where these chords meet the axis of similitude of X, T, Z 
draw pairs of tangents fti X, T, Z ; thm the two circles 
desoriied through these six joints of contact will 1$ tan- 
gential to X, T, Z. 

Cor. I. — Since there arc four axes of similitude of 
X,Y,Z, we shall have eight circles tangential to X,Y,Z. 

Cor. 2. — If we suppose one of the circles to reduce to 
a point, we have the problem : " To describe a circle 
touching two given circles, and passing through a given 
j)oint." And if two of the circles reduce to points, we 
have the problem : "To describe a eirele touching a given 
circle, and passing through two given points." 
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The foregoing conatructioH hoMs for each case, the 
first of which admits of four solutions, and the second 

Cor. 3, — Similarly, Tre may suppose one ofthe circles 
to open out into a line, and we have the problem ; " To 
describe a circle toueUng a Um and two givm circles " ; 
and if two circles open out into lines, the problem: 
" To descrihe a circle touching two given lines and a circle." 
The foregoing construction extends to these cases also, 
and like observations apply to the remaining cases, 
namely, when one of the circles reduces to a point, and 
one opens out into a line, &c. Since our construction 
embraces all cases, except where fka three circles be- 
come three points or open out into three lines, it would 
appear to be tho most genera! construction yet given 
for the solution of this celebrated problem. 

Another Method — Analysis. — Let 0, 0', 0'' be the 
centres of the 0s X, Y, Z, and let AR, BK be the 
radical axis of the pairs of 
©sXY, YZ, respectively, 
and let 0'" be the centre of 
the required O V : from 
0'" let fall the ±s 0"'A, 
0"'B ; join E, to C, the 
point of contact of W with 
Z, and produce it to meet 
0"DdTawnl|to(y"R. Now, 
because W touches the 03 
X, Y, its radius 0"'C has a 
giYeni-atiotoO"'A(Prop.7), / 
Similarly, 0"'C has a given 1 
ratio 0"'B; .■. 0"'A has a ^ 
given ratio to 0"'B ; hence 
the line 0"'R is given in position, and the ratio of 
0"'fi : CTJ is given ; .■. the ratio of 0"'E : 0"'C is 
given ; hence the ratio of 0"D ; 0"C is given ; ,■. D is 
a given point and R is a given point ; .■. the line EJ) is 
given in position; hence C is a given point. Similarly, 
the other points of contact are given, 
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Observation. — This method, though, arrived at by ihe theoiy 
of coaial ciroles, la rirtuolly the same oB Newton's I61I1 Lemma. 
It is, however, somewhat eimpler, as it does not employ conic seo- 
tione, as ia done in tlie friiioipia. When I discovered it Eevei'al 
years ago, I was not aware to wiiat an estent I had been antici- 

Prop. 11. — If^, T he two circles, AS, A'B' two chords 
of X tchicA are tangents to Y ; 
then if the perpmdicuiars from 
A, A' on the radical aaiis he de- 
noted Ip p, TT, amd the perpendi- 
eularsfrom B, B' ij/ p', t^, 

AA' : BE' ■.■.■/p + -yi 
■ •/p' + '/tt'. 

Sem. — Let 0, O'be the cen- 
tres of the circles; thou, hy(l), 
Prop, 1, 




AD = v'S . 00'. p, A'D' = ■/2 . 00'. w ; 
.-. AD + A'D' = v'2 . 00' {-/p + '/Z] . 
But AD + A'D' is easily seen to be = AC + A'C ; 

.-. AC+ A'C = v'S.OO'fv'^ + v''^]. 
In like manner, 

EC + B'C = ysTW { 1// + v"?} . 
Hence, 

AC + A'C : BC + B'C : : -/p + v^tt : ■/p' + ^tt'. 

since the triangles AA'C, BB'C 

AC + A'C : BC + B'C : : AA' : BB'; 

.'. AA' : BB' : : ./p + y^jr : ./p' + ■/ir'. 

This theorem is very important, hosides leading to 
immediate proof of Foncelet's Theorem. If 
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the chords AB, A'B' to he indofiuitely near, we can in- 
fer from it a remarkahle property ol the motion of a. 
particle in a vertical circle, and also a method of repre- 
Benting the amplitude of Elliptic Integrals of the Pirst 
kind hy coaxal circles,* 

Prop. 13. — Poncklet's Theorem. — If a •BoriaUe poly- 
gon of any numher of aides he inscribed in a circle of « 
coaxal aj/$Um, and if all the sides iui one in every position 
touch fixed cireha of the system, thai me also in every 
position touches another fixed circle of the system. 

It will he sufficient to prove this Theorem for the 
case of a triangle, hecause from this simple case it is 
easy to sec that the Theorem for a polygon of any num- 
ber of sides is an immediate eonsequence. 

Let ABO be a A inscribed in a O of tlio system, 
A'B'C another position of the A, and let the aides AB, 
A'B' be tangents to one O of the system, BC, B'C tan- 
gents to another O ; then it is required to prove that 
CA, C'A' will be tangents to a third O of the system. 

Dem. — Let the perpendiculars from A, B, C on the 
radical axis be denoted hj p, p', p", and the perpendi- 
culars from A', E', 0' by ir, V, v"; then, by Prop. 11, 
wo have 



BE' : Vi? + v^ji 
CC i : -/p' + ■/■!! 
CO' : : >/p + '/it 



•/p" + v^tt" ; 
t/p" + •/'jt". 



AC, A'C are tangents to another circle of the 



The foregoing proof of this celebrated theorem -was 
given hy me in 1858 in a letter to the Sev. li. Towns- 
end, F.T.CDi It is virtually the same as Br, Hart's 
proof, published in 1857 in the Quarterly Journal of 
Mathematics, of whicli I was not aware at the time, 

" Ihe mettod of representing tha amplitude nf Elliptic Inte- 
grals fay coaxal ciiolsa was first given by Jacobi, Crolle's Joiimal, 
Band. III. Theorem 1 1 aSorde a very simple proof of tiis appli- 
oation. See Educational Timsa, VoL m., Bepriat, page 42. 
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Bh. Hart's Proof. — This proof depends on the fol- 
lowing Lemma (see fig., Prop. 11) ; — If a ciuadrilateial 
AA'BB' be inscribed ia a circle X, a^d if the diagonals 
AB, A'JB' touch a circle T of a system coaxal with X, 
then the sides A, A' touch another circle of the same 
system, and the four points of contact D, D', E, E' are 
collinear. 

This proposition is evident from, the similar triangles 
AED, B'E'D', and the similar triangles EA'D', E'BD ; 
and the equality of the ratios AE ; AI>, E'E' : B'D', 
A'E:A'D, BE: ED. 

The first part of this theorem also follows at once 
from Prop. 11. 

"Now, to prove Poncelet's theorem : — Lot ABO, A'B'C 
ho two positions of the variable A, and let, as before, 
AB, A'B' be tangents to one O of the system, EC, E'C 
tangents to another O ; then OA, C'A' shall be tangents 
to a third © of the system. For. join AA', BE', CC. 
Then, since AE, A'B' are tangents to a of the system, 
AA',BE' are, hy the lemma, tangents to another O of 
the system; and since EC, B'C arc tangents to a O of 
the system, BE', CC are tangents to a © of the system ; 
.-. AA', BE', CO' are tangents to a O of the system; 
and since AA', CC touch a © of the system, by the 
lemma, AC, A'C touch a © of the system ; hence the 
Proposition is proved, and we see that the two proofs 



SECTIOB" VL 

Theory op Ahharuohic Section, 

Dee. — A system of four eolUnear paints A, B, C, B 
mah, as »s known, six segmmti ; these may he a/rr<mged 
in tlires pairs, eaoh eantaining the four letters — thus, 

A3, CD ; BO, AD ; CA, BD. 

WTiere the last letter in each eotiple is D, and tlieflrd 



y Google 



eegmenU in the three couples are respedweh/ AB, BC, 
CA, exactly corresponding to the sides of a triangle ABC, 
taken in order. Mow, if vie take the rectangles formed bg 
these three pairs of segments, the six quotients ohtainsd 
hy dividing each rectangle by the tieo remaining ones are 
called the six cmharmonic ratios of the fow points A, B, 
C, D. Thus these sixfimelions are 

AB.CD BC. AB CA . BD _ 

BC . AD' CA . BD' AB . CD ' 
and their reciprocals 

EC . AD CA.BD AB. CD 

AB. CD' BC . AD' CTTBD* 

It is usual to call any me of these six functions the anhar- 
monie ratio of the fow points A, B, C, D. 



Prop. 1.— i^(O.ABCD) he 
passing through the four points 
A, B, C, D ; and if through 
any of these points B 
a line parallel to a ray passing 
through any of the other points, 
and cutting the two retaining 
rays in the points M, H, the 
siai anharmonie ratios of A, B, 
C, D can he expressed in terms 
of the ratios of the 
MB, BN, NM. 

Dam. — From similar trianglf 



f pencil of four rays 
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Hence, MS _ AB . CD _ 

BN " BO . AD ' 

therefore MB : BN : : AB . CD : BO . AD. 



MN : BIT r : AB . CD + BC . AD r EC . AD ; 
.-. MN" : BN : : AO . BD ; BC . AD ; 
.-. MB : BK ; NM : : AB . CD : BC . AD : CA . BD, 

Prop, 2. — If a peneil of fow rays h cut hy two trans- 
versals ABCD, A'B'C'D', then (see last fig.) m^ of ihe 
anhtrmonie ratios of the points A, B, C, D w eqtial to the 
eorrespondiitff ratio for the points A', B', 0', D'. 

Dem. — Through the points B, B' draw MN", WW 
parallel to OD ; then (Section I., Prop. 3) we have 



therefore 



MB:BK::M'B':B'N'; 

AB.CD A'B' . CD' 
BC . AD " B'C . ATJ'' 



Cor. 1.— "We may suppose tte rays of tie pencil 
produced through the vertex, and the transversal to 
cut any of the rays produced without altering the an- 
harmonic ratio. 

Def. — The tmharmonie raMo of the f Mr points on (my 
transversal cutting a pencil being constant, it is called the 
anhartnonic ratio ofthepeneil. 

Cor. 2. — If two pencila have ec[ual anharmonic ratioa 
and a common vertex ; and if three rays of one pencil 
be the production of th.reo rays of the other, then the 
fourth ray of one is the production of the fourth ray of 
the other. 

Cor. 3. — If two pencilB have a common transversal, 
they are equal ; that is, they have equal anharmonio 
ratios. 
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Cor. 4.— If &-> E, C, D be four points in the circum- 
ference of a circle, and E aad F any two other points 
also in tie circumference, tlien the pencil (E . ABCD) 
= (F . ABCD). This is evident, since the pencils have 
equal angles. 

Oor. S.- — If through the middle point of any chord 
AB of a circle two other chords CE and DI" be drawn, 
and if the lines ED and CF joining their extremities 
intersect AB in G and H, then OG = OH. 

Dem.— The pencil (E . ADCB) = (E . ADCB ; there- 
fore the anharmonic ratio of tho points A, G, 0, B = tho 
anharroonio ratio of the points A, 0, H, B ; and since 
AO = OB, OG = OH. 

Def.— TAe anharmMto ratio of the cycUo pencil 
(E . ABCD) }« called the anharmonie ratio of the four 
eyolio points A, B, C, D. 

Prop, 3. — The anharmonie ratio of four eoncycUo 
points can be expreascA in terms of the chorda Joining 
these four points. 

Dem. (see fig.. Prop. 9, Section IV.)— The anharmonic 
ratio of the pencil (0 . ABCD) is AC . BD : AB . CD ; 
and this, by Prop. 9, Section IV. = A'C . B'D' 
: A'B' . CD' ; but the pencil (0 . ABCD) = the pencil 
(0 . A'B'C'D') = the anharmonic ratio of the points 
A', B', C, D'. Hence the Proposition is proved. 

Cor. 1. — The six functions formed, as in Def. 1, 
■with the six chords joining the four eoncyclic points 
A', B', C, D', are the six anharmonic ratios of these 
points. 

Cor. 2.— If two triangles CAB, C'A'B' be insciibed 
in a circle, any two sides, viz., one from each triangle, 
are divided equianharmonically by the four remaining 
sides. Tor, let the sides be AB, A'B' ; then the 
pencils (C . A'BAB'), (C . A'BAB') are equal {Cor. 4, 
Prop. 2). 

Prop. 4. — Pascal's Theobem.— ^ a hexagon ho 
inscribed in a circle, the intersections of opposite sides 
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m%., 1st and ith, 2tid and 5ih, 3rd and Gf/t, 

let ABCDEFA be tho 
hexagon. The points L, N, 
M are coUinear. 

Dem. — JoinEW. Then the 
pencil (N" . PMCE) = the pen- 
cil (C . FBDE), bcoausG they I 
have a common transversal 
EF {Cor. 3, Prop. 2.) In 
like manner, the pencil 
(A . FBDE) = (N . ALDE) ; 
hufc{A.EBDE)=C.FBDE)(Prop.2,Cw.4). Hencothe 
pencils (N . FMCE), {^ . ALDE) ai'e equal ; and there- 
fore (_Cor. 2, Prop. 3) the points L, N, M are coUinear. 

Cor. 1- — With six points on the circumference of a 
circle, sixty hexagons can be formed. For, starting 
with any point, say A, we could go from A to one of the 
remaining points in five ways. Suppose we select B, 
then we could go from B to a thii'd point in four diffe- 
rent ways, and so on; hence it is evident that we 
could join A to another point, and that again to another, 
and so on, and finally return to A in 5x4x3x2x1 
different ways. Hence we shall have that number of 
hexagons ; but each, is evidently counted twice, and we 
shall therefore have half the number, that is, sixty 
distinct hexagons. 

Cor. 2. — Pascal's Theorem holds for each of the 
sixty hexagons. 

Cor. 8. — Pascal's Theorem holds for six points. 




which arc, thi-ee by three, on two lines. Thus, let the 
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two triads of points be A, E, C, D, E, V, and the proof 
of the Pi'opoaition can he applied, ■word for word, except 
that the pencil (A . FBDE) is equal to the pencil 
(C . FBDE), for a different reason, viz., they have a 
common transyorsal. 

Prop. 5. — ff two e^al pencils have a common ray, the 
interseetions of the remaining three homologoua pairs of 
ra^s are coUinear. 

Let the pencHa he (0 . O'ABC), (0' . OABO), having 
the common ray 00'; then, if possible, let tlie line 
joining the pointa A and C intersect the rays OB, O'B 
ja different points B', B"; then, <> 

since the pencils are equal, 
the anharmonie ratio of the 
pointa D, A, B', C cciual the 
anharmonie ratio of the points 
D, A, B", C, which ia impos- 
sible. Henoethopoints A, B, C 
must be oollinear. ^ jj o 

Cor. 1.— If A, B, C; A', B', C be two triads of 
points on two linos intersecting in 0, and if the an- 
harmonie ratio (OABO) = (OA'B'C), tho three linea 
AA', BB', CC are concurrent. Eor, let AA', BB', 
interaeot in D ; Join CD, intersecting DA' in E ; then 
the anharmonie ratio (OA'B'E) = (OABC) = (OA'B'C) 
by hypothesis; therefore 
the point E coincides 
with C. Hence the 
Proposition is proved. 

Cor. 2.— If two As 
ABC, A'B'C have lines 
joining corresponding 
vertices cononrrent, the 
intersections of eorre- C 
spoading sides must be 
collinear. Eor, ]oin P, 
the point of intersection 
of the sides EC, B'C, 

s2 
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to 0, the centre oi perspectiTe ; then each of the 
pencils (A . PCA'B), (A' . PC'AB') is equal to the pen- 
cil (0 . PCAB) ; hence they are equal to one another, 
and they have the ray AA' common. Hence the inter- 
Bections of the three corresponding pairs of rays AC, A'C, 
AP, A'P , AB, A'B', are coUinear. 

Cor. S. — If two vertices of a variahle A ABC move 
on fixed right lines LM, LW, and if the three sides 
pass through three fixed collinear points 0, P, Q, the 
locns of the third vertex is a right lino. 

Let the side AB pass through 0, BG through P, CA 
through Q, and let A'B'C be another position of the A ; 
then the two As AA'Q, BB'Q, have the lines joining 
their corresponding vertices concurrent ; hence the in- 
terBcctions of the corresponding sides are coUinear. 
Hence the Proposition is proved. 

Prop. 6. — If on a right Une OX threepairs of points 
A, A' ; B, B' ; C, C he taken, suck that the three rectangles 
OA . OA', OB . OB', OC . 00', are each, equal to a constant, 
say 1^, then the anharmonic ratio of am/ four of the six 
points is e^ual to the anharmonie ratio of their four conju- 
gates. 

Dem.— Erect OT at right Zs to OX, and make OT 
= k; join AY, A'Y, BY, B'Y, CY, C'T. M'o-w, hy 
hypothesis, A. A' =0Y'; .■- the O described ahout 
the AAA'Y touches OY at Y; .-. the Z OYA = OA'Y. 
In like manner, the Z YB = OB' Y ; hence the Z AYB 




= A'YB' : similarly the Z BYC = B'YC, &c. ; .-. the 
Zf of ^'10 pencil (Y . ABCC) = the Z a of the pencil 
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(Y . A'B'C'C) ; and heace the auhannoiiie ratio of 
(Y . ABCC) equal the anharmonic ratio of tho poacil 
(Y . A'B'C'C). 

Cor. 1. — If the point A moves towards 0, the point 
A' will moTs towards infinity. 

Cor. 2. — The foregoing Demonstration will hold if 
some of the pairs of conjugate points be on the pro- 
duction of OS in the negative direction ; that is, to 
the left of OY, while others are to the right, or in. the 
positive direction. 

Cor. 3. — If the points A, E, V^, &c., be on one side of 0, 
say to the right, theii oorresponding points A', B', C, &o., 
may He on the other side ; that is, to the left. In this 
case the As AYA', EYB'.CYC, &c., are all right-angled 
at Y; and the general Proposition holds for this ease 
also, namely, The anhm-monic ratio of am/ four joints is 
eguai to the anharmome ratio of their four conjugates. 

Cor. 4, — The anharmonio latio of any four collinear 
points is equal to the anharmonic ratio of the four 
points which, are inverse to them, vrith respect to any 
circle whose centre is in the line of collinearity. 

Tiss. — When iwo systems of three points eaeh, sueh m 
A, B, C ; A', B', C, are collinear, and are ao related that 
the anhavTtionic ratio ofanj/fow, wMeh are not two cou- 
ples of eot^ate points, is equal to the mharmonie ratio 
of their four cor^'ugates, the site points are said to he in 
involution. The point conjugate to the point at in- 
finity is called the centre of the involution. Again, if 
we tah two points B, D', one at each side ofO, such that 
OD' = Oiy = ^, it is evident that eaeh of these points is 
its own eotjv^aie. Hence they hm>e been called, hy 
TowNSENn <md CniSLBs, the double points of the in- 
volution. From these Definitions the following Propo- 
sitions are evident : — 

(1). Any pair of homologous points, such as A, A.', are 
harmonic conjugates to the douile points D, D'. 

(2). Three pairs of points whiek have a commonpair of 
harmonic conf urates form a system in involution. 
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(3). The two douhkjpoints, and #»y twopain of con- 
Jugate poinU, form, a system in involution. 

(4). Any Urn cutting three coaxal circUs is cut in 
involution, 

Dep. — If a system of points in involution he joined to 
any point P not on the line of eoUineartty of the points, 
the six Joining lines mill have the anharmonie ratio of the 
pmieil formed ly any fow rays equal to the <mharmonie 
ratio of the pencil formed iy their four coi^ugate rays. 
Sueh a pencil is called a pencil in iaTolutiou. The rays 
passing through the double points are called the double 
rays of the involution. 

Prop. 7.- — If four points he eolUnear, they belong to 
ihree systems in involution. 

Dem.— Lot the four points l)e A, B, C, D ; upon AB 
and CD, as diameters, describe circles ; tlieii any circle 
coasal with, these will intersoct tbe line of collinearity 
of A, B, C, D in a pair of points, which form an invo- 
lution -with the pairs A, B, C, B. Again, describe circles 
on tho segments AJ), BC, and circles coaxal with them 
wUl give us a second involution. Lastly, the circles 
described on CA, BD wUl give us a third system. The 
eeatral points of these systems will be the points where 
the radical axes of tho coaxal systems intersect the line 
of collinearity of the points. 

Prop. 8. — ThefoUowing examples wiU illustrate the 
theory of involution : — 

(I). Any right Kne cut- 
ting the sides and diagonals 
of a quadrilateral is out in 
involution. 

Dem.— Lot ABCD he ^ ^ 

the quadrilateral, LL' the 

transversal intersecting tho diagonals in the points 
"N, H'. Join AW, CN' ; then the anharmonic ratio of 
the pencil (A . LMKN') = (A . DBOH') •= (0 . BBON') 
- (G . M'L'OE") = (C . LTH'I^'H"), 
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(2). A rigJii line, cutting a circle and the iidcs of m 
inserihed quadrilateral, is cut 
in involution. 

Dem.— Join AR, AE,', 
CR, CR'; thea the anhar- 
monic ratio of tlie pencil 
(A.LBMR') = (A.I1RBE') 
=(C.DEBE,')=(C .M'EL'E') 
=(C.L'E'Mai). 

Cw.— Tto points W, W 
belong to the involution. 

(3). IftTwcB chords of a circle be concurrent, their a\ 
points of intersection with the . 

circle a/re in involution. 

Let AA', BE', CC he the 
throe ohoida intersecting ia 
the point 0, Join AC, AC, q-^ 
AS', CB' ; tten the Enhar- 
monic ratio {A . CA'B'C) = 
(B' . CBAC) = (B' . C'ABC). 

Cor.— Tho pencil formed by any s: 
pairs of homologous points A, A' ; B, 
seventh point in tlie circumference is in involution. 

Prop. 9. — If 0, 0' be two fixed points on two given 
Ums OX, O'X', and if on OX we take ang system of 
points A, B, C, &o., and on O'X' a corresponding system 
A', B', C, &c., such that the reetamgles OA . O'A' 
= OB . O'B' = 00 . O'C, &o., equal constant, say k^; 
then the anharmonic ratio of ant/ four points on O^egual 
the anharmonic ratio of their fow corresponding points on 
O'X'. 

Thisisevidenthysuperpositionof O'X'ouOX, so that 
the point 0' wiU coincide with (see Prop. 7) ; then 
the two ranges on OS 'will form a system in involutioa. 

Dbp. — Two systems of points on two lines, sueh that 
the anharmonic ratio of any four points on one line is equal 
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to {ke anhm-monie ratio of their fow eorrsaponMng points 
on the other, are said to be homographic, <md the lines are 
said to he homographicaliy divided. The points 0, 0' 
are called the centres of the sjBtema. 

Cor. 1. — The point op 05 ia the point corro- 
Bponding to infinity on O'X' ; and the point 0' on O'S' 
corresponds to infinity on OX. 

Umi. — ^the line O'X' he superimposed on OX, iul so 
thai the point 0' will not coincide with 0, the iteo systems 
of points on OX divide it homographically, and the points 
of one system tehieh eoineide with their homologous points 
of the other are ealleA the douhle points of the h>mo- 
graphie system. 

Prop. 10. — Gwen three pairs of corresponding points 
of a line divided hoiaographieaUy, to find the douhle points. 

Let A, A' ; B, p a B c a' B' g' x 
E' ; C, C, he the ' ' "~" ' ' ' ' 

three pairs ot corresponding points, and one o£ tlie 
required double points ; then tlie conditions of the 
question give us the anharmonic ratio 

(OABO) = (0 A'E'C) ; 

OA.EC OA' . E'C 

OE . AC " B'. A'C* 
„ OA . OB' E'C . AC 

^^'' 0A\0B=BC7PC= 

equal constant, say P. 

Wow OA . OE', OA' . OB are the squares of tangente 
drawn from to tlie circles cleserihed on the lines AB' 
and A'E as diameters ; hence the ratio of these tan- 
gents ia given ; hut if the ratio of tangeats from a 
variahle point to two fixed circles be given, the locus 
of the point is a circle coaxal with the given, circles. 
Hence the point is given as one of the points of 
intersection of a fixed circle with OX, and these inter- 
sections are the two double points of the homographio 
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If the three pairs of points be oa a circle, tlie points 
of intersection of Pascal's lino witli. the circle will be 
the double poiEts req^uired. I'or (see fig., Prop. 5), let 
D, B, F ; A, E, C, be the two triads of points, and let 
the Pascal's line intersect the circle in the points P and 
Q ; then it is evident that the peneU (A . PDBF) 
= (D . PAEC). 

Cor. — If ■we inveiH; the circle into aline, OTvtceversd, 
the solution of cither of the Problems we have given 
here will give the solution of the other. 

Prop. 11. — We shall conclude this Seohm with the 
iolution of a few Problems hy means of the doubU points 
of homographie division, 

(1). Being given two right lines L, L', it is required 
to place between them a line AA', wheh will subtend 
givm angles 12, fl' 8* two given points P, P'. 

Solution. — Let ns take 
arbitrarily any point A on 
L. JoiaPA.P'A, and make 
the Zs APA', APA", re- 
spectively equal to the two 
given. Z a O, D' ; then, 
when the point A moves 
along the line L, the points 
A', A" will foriQ. two ho- 
mograpHc divisions on the 

line L'. The two double points of these divisions will 
give two solutions of the required Problem. 

(2). Seing given a polygon of ang number of sides, 
and as many points te^en arbitrarily, it is required to 
inserihe in the polygon another polygon whose sides will 
pass through the given points. 

We shall solve this problem for the special case of 
a triangle; hut it will be seen that the solution is 
"y general, 
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Let ABC bo tlio given triangle ; P, Q,, E tho given 
points. Take on AC any A. 

arbitrary point D. Join 
PD, intersecting AE in E ; 
then join EQ,, intersecting p-- 
ECinE_; lastly, join I-R, 
intersecfcingACinll'; tliea 
tlie two points D, D' will 
evidently form two homo- 
graphio liivisions on AC, 
tlie two double points of 
which will be vertices of two triangles satisfying the 
question. 

(8). £einff given th-ee points P, Q, E, cmi two Umt 
L, L', it is required to descriie a triangle ABC hming 
C equal to a given angle, the vertices A and B on the 
given lines L, L', and the aides passing through the given 
points. 

Solution. — Through the point R draw any line 
meeting tho two lines L, L' in the points a, i. Join 
Pi, and from Q, draw 
Qa' making tho required 
angle C with Pi ; the 
two points a, a' will 
form two homographic 
divisions on L, the double 
points of which will give 
two solutions of the re- 
quired question. 

(4). To insorile in a 
ewcle a triangle lehose sides shall pass through three given 
points. 

This is evidently solved like the preceding, by taking 
three false positions, and finding tiie double points of 
the two homographic systems of points. 

(5). The prohlem of describing a drele touching three 
given eireles can le solved at once ly the method of taking 
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three false positions, ani finding double points, 



sfol- 



LetA,li,Cl)B the centres of the three given circles; Z 
the required tangential oiiele ; a, ;S, 7 the points of con- 
tact : then the triangles ABC, 0.^ are in perspective, 
the centre of Z heing their centre of perBpective, and the 
axis of similitude of the three given circles heing their 
axis of perspective. Let A', B', C he the three centres 




of similitude. Then take any three points P, P', P" in 
the circle A; join them to the point B', cutting the circle 
C in the points Q, Q,', G": again, Join these points to A', 
and let the joining lines cat the circle B in the points 
E, E', R" ; lastly, join B, B', E" to C, cutting the circle 
A in the points w, it', ir" ; tiien 0. will he such that the 
anharmonic ratio (aPP'P") will he equal to the anhar- 
nionic ratio (« ir Vn-"), Hence the problem is solved. 
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1. Tte eigHt oiiclca which touch three given circles may be 
aivided into two tetrads— say X, T, Z, W ; X', T, Z', W— of 
wHci: one IB the inverse of the other with cospect to tie eirola 
cutting the three given circles orthogonaJly. 

2. Any two circles of the first tatrad, and the two correspond- 
ing eh-elfls of the second, have a common tangential circle. 

3. Any three civolee of either tetrad, and the non -corresponding 
circle of the othei tetvad, lia\e a Lomnion tiiigeiihal crrde. 

4. Prove by means ol the tstensiun of Ptolemj'a Theorem 
(the middle points of the aides being regarded as very small 
circles) that ttese point-circles, and the msdibed ciicle, or any 
of the escribed cncles, have i common tangential cii'ole 

5. The anhaiTnomt i-atios of the foni points of contact of the 
" nine-points oii'ole ' ' wifh the insorihed and the escribed circles 
are respectively 
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SECTIO?r YII. 

Theoht oe Poles and Poriss, ahd Reciprocatiok. 

Prop. 1. — If four points h eoUinmr, their anliarmonic 
ratio is equal to the anharmonio ratio of their four polar s. 

This Proposition may be proved exactly the Bame as 
Proposition 8, Section III. Ttrns (see 'fig., Prop. 8. 
Section III.) the pencil (0 . A'B'C'It') =(P . A'B'C'D'); 
but the pencil (0 , A'B'O'D') = anharinonie ratio of 
the four points A, B, C, B, and the pencil (P . A'E'C'D') 
consists of the four polars. Hence the Proposition is 
proved. 

The two foil owing Propositions are interesting appli- 
cations of this Proposition : — 

(1), If two triangles he self-corrugate with respect to a 
cireh, any two sides are divided equianharmonieally hy the 
four remaining sides ; and any 
two vertices are subtended 
eguianharmonically hy thefou. 
remaining vertices. 

LetABC.A'B'C'bethetwo 
sell- conjugate As; it is re- 
quired to prove that the pencil 
(0 . ABA'B') - (C . ABA'B'). 

Dem. — Let A'C, B'C meet 
AB produced in D and E. 
Join A'C, B'C, AC, EC. ^ 
Kow, since A'C is the polar 
of B', and AB the polar of C, 
their point of intersection. D 
is the pole of B'C (see Cor., 
Prop. 25, Section I., Book 
III.). In like manner, the 
point E is the pole of A'C ; 
hence the four points B, A, 

E, D are the poles of the four lines CA, CB, CA', CB'. 
Thprefore the anharraonie ratio of the four points H, 
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A, E, D is cq^ual to the anharmonie ratio o£ the peaoil 
(C.ABA'B'). AgaiD, the points B, A, E, Darethein- 
tersections of the Hue AB with the pencil (C . AB A'B') ; 
therefore the penoQ (C . ABA'B') = (C . ABA'B')-, , 

We have proved the second part ol our Proposition, 
and the first follows from it hy the theorem of this 
Article. 

(2). Jf two triangles he such that the sides of one are the 
polars of the vertices of the other, they we in perepeetwe. 

Deifi, — Let the three sides o£ the A AJBC he the 
polara of the corresponding vertices of the A A'B'C, 
and let the corresponding sides meet in the points X, 
Y, Z reapectiyely. Now, since AB is the polar of C, 
and B'C the polar of A, the point D is the pole of AC 
{Cor., Prop. 25, Section I., Book III.). In like man- 
ner the point X is the pole of AA', and the points B', 
C are, hy hypothesis, the poles of the lines AC, AB. 
Heaoe the anharmonie ratio of the points B', C, D, X 
= the pencil (A . TZC'A') = the pencil (Z . YAC'A'). 
Again, the anharmonie ratio B'C'DX = the pencil 
(Z . A'C'AS) = (Z . XAC'A'). Hence (Z . YAC'A') 
= (Z . XAC'A') ; .-. the Uncs XZ, 2Y form one right 




liue ; therefore the intersection of oorresponding sides 
of the triangles are colliiiear. Hcnoe they are in per- 
spective. 
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Prop. 2. — If two variable points A, A', one on each of 
two lines given in position, subtend an angle of constant 
magnitude at a given point 0, the locus of the pole of the 
line AA' with respect to a given 
cirele X, whose eentre is 0, is a 
circle. 

Dem. — Lot AI, A'l be tho 
lines givGii in. position, and let 
B, B', a be the poles of the 
three lines AI, A'l, and AA' 
with respect to X ; then the 
points B, B' are fixed, and tho 
lilies Ba, B'a are the polara of 
the points A, A'j .■. tho lines 
OA, OA' are respoctivoly -L to the lines BQ, E'lJ 
hence the /. BQB' is the supplement of the Z AOA' 
therefore BQB' is a given angle, and the points B, B 
are fixed ; therefore the locus of the point Q is i 
cirele. 




Prop. 



—For two homographie systems of points on 
two itnes gwen in position there exist two points, at eaeh 
of which the several pm-a of corresponding points auitend 
e^ual angles. 

Dem.— Let A, A' be two oorre- 
sponding points on the lines AI, A'l; 
and let 0, 0' bo the points on the 
lines AI, A'l which correspond to 
the points at infinity on A'l, AI 
respectively ; then (see Prop. 10, 
Section lY., Book VI.) the rectangle o 
OA . O'A' = constant, say A'. Join 
00', and describe the triangle GEO' (see Prop. 15, 
Section I., Book TI.) having the rectangle _0E . O'E of 
its aides = k'', and having the difference of its base /.a 
equal difference of base /s of the A 010'. Then E, 
the vertex of this A, 'will be one of the points re- 
quired. Por it is evident from the construction that 
OE . O'E = OA . O'A, and that the Z AOE = A'O'E; 
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.■. the AsAOE, A'O'E aio equiangular; .-. the Z OAE 
= A'EO' ; .'. i£ the points A, A' change position, the 
lines EA, EA' will levolve in the same direction, and 
through equal angles. Hence theZ AEA' is constant. 

In the same manner, another point F can he found on 
the other side of 00' such that the Z AFA'is constant. 

Cor. 1. — Since the line AA' subtends a constant angle 
at E, the locus of the pole of AA' with respect to a circle 
whose centre is E is a circle. Hence the properties of 
lines joining corresponding points on two linos diyided 
homographically may he inferred from the properties of 
a system of points on a circle. 

Cor. 2. — Since when A' goes to infinity A coincides 
with 0, then OAis one of the linesjoining correspond- 
ing points. And so in like manner is O'A', and the poles 
of these lines will he points on the circle which is the 
locus of the pole of AA'. 

Oar, 3. — The locus of the foot of the perpendicular 
from E on the line AA' is a circle, namely, the inyerso 
of the circle which is the locus of the polo of AA'. 

Cor. 4. — If two lines he divided homographically, 
any four lines joining corresponding points are divided 
cijuiaiihannonically by all the remaining lines joining 
corresponding points. This follows from the fact that 
any four points on a circle are suhtended ec[uianhar- 
moajcally hy all the remaining points of the circle. 

Prop. 4. — If any Jigwre K. he given, hy talcing the poh 
of every line, and the polar of every point in it teith 
reaped to any arMirary etrele X, we can construct a new 
figure B, which is called the reciprocal of A teith respect 
to S. Thus we see that to any system of eoUinear points 
or concurrent lines of A there will eorrespond a system of 
concwrmt Unes oreolUnearpomtsofB; and to any pair 
of lines divided homographically in A th^e will eorrespond 
m B two hoTKographc pencils of I mes Lastly, the angle 
which any two potnts of A subtend at the centre of the 
reciprocating circle is equal to the angle made hy thctr 
polars in B, 
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Hence it is evident that, from theorems ■which hold 
for A, we can get other theorems which are true lorB. 
This method, which is called reciprocation, is due to 
Ponoelet, and is oae of the most important known to 




"We give a few Theorems proved by this method :- 

(1). Any two fixed tangents to a circle we cut hon 
grapkioally hy any variable 
tangent. 

Dem.— Let AT, BT be the 
two fixed tangents touching 
the circle at the fixed points A 
and E, and CD a vaiiable tan- 
gent touching at P. Join AP, 
EP, Now AP is the polar of 
C, and BP the polar of D ; and if the point P take four 
different positions, the point will take font different 
positions, andso will the point D ; and the anharmonio 
ratio of the four positions of C eqaal the anharmonic ratio 
of the pencil from A to the four positions of P (Prop. 1). 
Similarly the anharmonic ratio of the four positions ol 
Decanal the anharmonio ratio of the pencil from B to the 
four positions of P ; but tho pencil from A equal the 
pencil from B ; therefore the anharmonic ratio of the 
four positions of C equal the anharmonio ratio of the 
four positions of D. 

(2), Any fow fixed tangents to a eiroh are cut hy any 
fifth variable tangent in four points whose anharmonie 
ratio is constant. 

Bern. — The lines joining the point of contact of the 
variable tangent to the points of contact of the fi.xed 
tangents are the polars of the points of intersection of 
the variable tangent with the fixed tangents ; hut the 
anharmonio ratio of the pencil of four lines from a 
variable point to four fixed points on a circle is con- 
stant ; hence the anharmonic ratio of their four poles — 
that is, of the four points in which the variable tangent 
cuts the fixed tangent — is constant. 
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(3). Linet drawn from cmy variahle point in (he plane 
of a qiuidrilateral to the six points of intersection ofita 
four sides form a pencil in involution. 

This Proposition is evidently tlie reciprocal of (1), 
Prop. 9, Sectioa TI. The 
following is a direct proof ; 
Let ABCD be the quadri- 
lateral, and let its opposite 
sides meet in the points E 
audF, and let Obe tho point 
in the plane of the quadri- 
lateral; the pencil from to ^ 
the points A, B, C, D, E, F 
is in involution. 

Dem. — J^oin OE, cutting the Kides AD, BC in X and 
Y. JoinEF. Kow,thepeneil(O.SADF)=(E.XADE) 
= (E.YECF)=(O.TBCr)=(O.XBCP); .-. (O.EABF) 
= (0 . EBCF). Hence the pencil is in involution. 

(4). TJ'iwo vertices of a triangle move on fixed lines, 
while the three sides pass through three colUnear points, 
the loeus of the third vertex is a right line. Hence, reci- 
procally. If two sides of a triangle pass through fixed 
points, while the vertices move on three coneurrent lines, 
the third side will pass through a ^ed point. 

(5). To describe a triangle about a cirele, so that its three 
vertices mag be on three given Unes. This is solved by 
inscribing in the circle a triangle whose three sides 
shall pass through the poles of the three given lines, 
and drawing tangents at the angular points of the in- 
scribed triangle. 



(4). Beianchon's Theokbm. — Ifi 
about a circle, the three lines joining the 
points are conewrent. 



be described 



Let ABCDEF be the circumscribed hexagon; t 
's AD, BE, CF are concurrent. For,] 
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tlie points of contact be G. I£, I, J, K, L. "Sow since 

A is tile pole of GH, and D a. 

the pole of JK, tlie line AD 

is the polar oi the point of 

intersection of the opposite 

sides GH and JK of the in- 
scribed hexagon. In like ^^ 

manner, BE is the polar of 

the point of intersection of 

the lines HI, XL, and CF 

the polar of the point of 

intersection of IJ" and XG ; 

but the intersections of 

the three pairs of opposite 
sides of the inscribed texagon, viz., GH, JK ; HI, KL ; 
IJ, LG, are, by Pascal's Tlieorora, collinear ; therefore 
their three polars AD, BE, CF, are concurrent. 

(7). If two lines ie divided homogr Of hieally, two lines 
foininff homologous points can ie drawn, each of tuMeh 
passes through a given point. 

Eor, if AA' (see fig.. Prop. 3) pass through a given 
point P, join EP, and let fall a J. EG on AA' ; then 
{Cor. 2, Prop. 3) the locus of the point G is a © ; and 
since EGP is a right angle, the O described on EP as 
diameter passes tbrough G ; hence G is the point of 
intersection of two given ©s ; and since two 0s inter- 
sect in two points, we see that two lines joining homo- 
graphic points can be formed, each passing through P. 
Now, if we reciprocate the whole diagram with respect 
to a circle whose centre is P, the reciprocals of the 
points A, A' will be parallel lines. Hence we have the 
following theorem in a system of two homographio 
pencils of mys : — There exist two pairs of homologous 
rays which are parallel to each other. 

(?w.— There are two directions in which transvei, 
sals can be drawn, intersecting two homographio pen- 
cils of rays so as to be divided proportionally, namely, 
parallel to the pairs of homologous rays which are 
parallel. 
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(8). If we reciprocate Prop. 3 we have tho following 
theorem ; — Seing given a fixed point, namely, the centre 
of the eircls of reeifrocation and two homographie peneih 
of rg/y», two lines can he found (thepolars ofthepomis E 
and F in Prop. 3), so that the pwUonn intercepted on 
each hy homologous rays of the pencils will mhtend an angle 
of constant magnitude at the given point. 



8ECTI01T VIII. 

MiSCBLEAKEOirS ExEBCISES, 



2. Three lines being given in position, to find a point in one 
tJiem, such tliat the sum of two lines drawn from it, maiing givt 
angles with tie other two, may he given. 

3. From a given point in tiie diameter of 
to draw a line cutting tOie semicircle, so that tlie lines may hi 

given ratio which join the points of '" ' ^'"~ '- ■■^- - -^ — 

of the diameter. 



5. The rectangle contained by the sides of a A is greater than 
the square of Iha internal bisector of the vertical angle by the 
rectangle oontainod by the segments of the base. 

6. State tho corresponding; (ieorem for tte estemal bisector. 

7. Given the baae and the vertical angle of n A, find the fol. 



(1). Of the intersection of perpendiculars. 

(2). Of the centre of any circle touching the three sides. 

(3). Of the intersection of bisectora of sides. 
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9. The -L from tie right angle On the hypoteauae of a light- 
angled A iaa harnionio mean between the segmeata of the hypo- 
tenuse made by the point of oontaot of the ineorihed circle. 

10. If a line bo out harmonieaUy by two 0s, tho locus of tlia 
foot of the -L,letfallonitfi-omeithsr centre, i8aO,anditouta 
any two positions of itself homograpMcally (see Prop. 3, Cor. 2, 
Section VIL). 

i 1 . Througli a given point to draw a line, cutting the sides of 
a given A in three points, Euch that tho anharmoniB ratio of the 
system, consisting of ihe given point and the points of section, 
may be given. 

12. If squares be deaciibed on the sides of a A and their cen- 
tres joined, the area of the A so formed eioeeda the area of the 
given triangle hj Jth part of the sum of the squares. 

13. Tho locus of the centre of a O bisecting the oircumferenees 
of two fized ©6 is a tight line. 

14. Divide a given semicircle into two parts by a i to the 
dismeter, so that the diametei^ of the 0a described in them may 
be in a given ratio. 

15. The side of tho square inscribed in a A is half the har- 
monic mean, between the base and perpendicular. 



17. If X, X' be the points where the bisectors of the £ A of 
s A and of its supplement meet tbe side BC, and if T, T; Z, W, 
be points similarly determined on the sides CA, AR ; then 

V^ + vv". + 77i = *• i 






XX' "^ YY' "^ ZZ' 
:. Prove Ptolemy's Theorem, and its convci'se, by ii 



19. A Ime of given length slides between two Esed lines: find 
tie locus of the intersection of the is to the fised lines fiom the 
extremities of the slidii^ line, and of the la on the fined lines 
from the esliemities of the sliding line. 

20. If from a variable point P la be drawn to three sides of 
a A ; then, if the ai-ea of the A formed by joining the feet of 
these ±3 be given, the loctis of P is a circle. 
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al. If a variaUe O touch two fiied Os, its radius varies as tlie 
eyuace of tte far^ent drawn, to it from eiflier limiting point. 

22. If two Ob, -whose oentres are 0, 0', interscot, as in Euclid 
fl. 1), and 00' be joined, and produced to A, and a O GDH be 



0, 0', and also 




doBcribed, toucMng the Gs 

touching the line AO ; then, 

if we draw the radical axis 

EE' of the Os, intersecting 

00' in 0, and the diameter 

OF of the OGHD, and join 

EF, the figure CDFE is a ^^ 

square. 

Dem. — The line joining 

the points of contact G and 

H wtU pass through C, the 

internal centre of sirailitude 

of the Ofl 0, 0' ; thei^efore CG . CH = CE^ ; but CD= = CG . CH; 

therefore CD = CE. 

Again, let 0" be fie centre of GDH, and D' tlie middle point 
of AO ; then the O wboso' centre is D' aod radius D'A toucbea the 
Os 0, 0'; hence (by Theorem 7, Section V.) the 1 from 0" on 
EE':0"D: : CD' : D'A ; that is, in the ratio of 2; 1. Hence the 
Proposition is proved. 

23. If a quadrilateral he circumscribed to a G, the centre and 
the middle points of the diagonals are oollinear. 

34. If one diagonal of a quadrilateral inscribed in a O he bi- 
sected by the other, the sqiiare of the latter = half the sum of the 
squares of the sides. 

25. If a A given in speoies moves with its vertices on three 
fixed lines, it marks off proportional pai'ts on these lines. 

26. Through the point of intersection of two Ga diaw a line 
so that the sum or the difference of the sq^uai-es of the chords of 
the Gs shall be given. 

27. If two Gsfouoh at A, andBC be any chord of one touching 
the other ; then the sum or difEerenoe of the choi'ds AB, AC beara 
to the chord BC a constant ratio. Distinguish the two cases. 

28. If ABC be a A inscribed in a O, and if a II to AC through 
the pole of AB meet EC in D, then AD is = CD. 

29. Tho centres of the four Gs ciroumsoiibed ahont the As 
formed by four right lines are concyclici 

30. Through a given point draw two transversals which shiill 
intercept given lengths on two given lines. 
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31 II a Tiriable line meet four filed linea in points wliose 
anbarmomc ratio is consfjint, it cuts these four lines homographi- 

32 Giyen the 1 CD to the diameter AB of a semicircle, it is 
requicd to draw through A a choi-d, cutting CD in E and the 
Bsmicirde in P, suoli that the ratio of CE ; EF may he given. 



34 Tlie O desoribed through the centres of tte three escribed 
Ofl of 1 plane i, and the circumscribed of the eame A, wiE 
have the centre of tie inscribed O of the A for one of their centres 
of similitude. 

35. The 03 on tho diagonals of a complete ijuadnlateral cut 
oitboEonally the O descaibed about the A formed by liie three 
diagonals. 

36. When the three Is from the vertices of one A on the 
sides of another are oonourrent, the three corresponding la from 
the vertioea of the latter, on the sides of the foimer, are concur- 

37. If a be inscribed in a quadrant of a O ; and a second O 
he deacrihed touching the 0,the quadrant, and radius of quadrant; 
and a 1 he let fall from lie centre of the second O on the line 
passing through the centtea of the first O and of the quadrant ; 
then the A whoae ai^ular points are the foot of tlie 1 , the 
centre of the quadrant, and the centre of the second O, has its 
sides in arithmetical progression. 

38. In tho kst Proposition, tJie Is let faU from the centre of 
the second on the radii of the quadrants are in tho ratio of 
1 :7. 

39. When three ©a of a ooaial system touch the three sides of 
a A at three points, which are either collineai- or concurrently 
connectant with tho opposite vertices, their three ccntrea form, 
with tbose of tho three Os of the system which pass through the 
veitices of tho A , a ayatem of six points in involution. 

iO. If two Ob be so placed that a quadrilateral may he in- 
scribed in ono and circumscribed to the other, the diagonals of 
the qnadriktoi'al intersect in one of the limiting poinfa. 

41, If from a filed point ±s be let fall on two conjugate raya 
of a pencil in involution, the feet of the ± a are col linear with a 
flied point. 

42. Miqubl's Tuboekh. — If the five sides of any pentagon 
ABODE be produced, forming five As eitemalto the pentagon, 
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Dem.— Join E"B', E"D", D"C", C"B", 0"C ; join also D"I) 
aadE'B", andletttemproduoedmeet in.G. Now, consider the A 
AB'E', it is evident the described about it {Cor. 3, Prop. 12, 
Book III.) will psss throi^h the pointa E", B"; heneo the four 
pointa E", B', E', B" ate concyclio ; .-. the L GB"E" = E'B'E"; 
W E'B'E" = GD"E" ; .-. £ GB"E'' >= GD"E". Henoa fte 
O Uirough the points B", D", E" passes through G. 

Again, ainoe fha figure CDCC" is a quadrilateral in a O, lie 
L GDE' = D"C"C, and the L GE'D = B"C"C (III. 21) ; 
.-. L B"C"D" = GOE' + GE'D. To each add L E'GD, and 
we Bee that the flsiiro GD"C"B" is a tmadi-ilatBral in a O ; 
hence the O throu^ the pointa B", D", E" passes through C". 
In like manner it passes through A". Henoo iJie five points 
A", B", C", D", E" are concyelic. 

43. If lis product of the tangents, from a Tariahla point P to 
tuo given 0a, has a giren ratio to the square of tlia tangent from 
P Id a third given coasal with the fonaer, tte locus of P is n 
ci.cleof thosiune system. 
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44. Throngh the Tei-tioes of any A aie drawn any three paral- 
lel liues, and thioiigh each yertos a line ia drawn, makmg tha 
Eame L with one of tlie adjacent aides which the pai'aHel makea 
with the other ; these three lines are conoun'ent. Eequired the 
loeue of the point in which they meet. 

45. If from, anj point in a given lino two tangents he drawn to 
a giyen©, X, and if a0, Y, bo deaciibed touching X and the two 
tangents, the enTOlopo of lh.o polar of the centre erf T with respect 
to X is a circle. 

46. The extremities of a voiiahle cliord ST of a given O are 
joined to the eiti'emities of a fixed chord AB ; then, iiwAX.AT 
+ »BX . BY he given, the envdopa of XY is a circle. 

47. If A, A' he oonjngate points of a system in involutjon, and 
if AQ, A'Qhe 1 to the lines joining A, A' to any fixed pomtP, it 
is required to find the locus of Q. 

48. If a, a', h, b', e, a', he three pairs of conjugate points of a 
system in involution ; then, 

(1). ah' .hd . m' = - o'J . Vo . (/a. 

(2). 




(3). 

49. Coustruot a right-angled A, heing given the sran of the 
base and hypotenuse, and the sum of the base and perpendicular. 

BO. Given the perimeter of a right-angUid A whose sides are 
in arithmetical progression : eonstmot it. 

51. Given a point in the side of a A ; inscribe in it another A 
Hmilia to a given A , and having one L at the given point. 

62. Given a point D in Hie hafia AB produced of a given A ABC ; 
draw a line EF Ihrongh D outtir^ tho sides so that the area of 
the A EFC may bo given. 

63. Conatiuot a A whose thioe Zs ahaU be on given Os, 
and whose sides shall pass through three of theiv centres of 
Bimilitude. 

64. From a given point three linos OA, OB. OC are drawn 
to a given lino ABC ; prove that if the radii of the ©s inscribed 
in DAB, OBC are givenj the i^dius of the O inscribed in OAC 
will he determined. 

65. Equal portions OA, OB are taken on the sides of a given 
right I AOB, the point A is joined to a fixed point C, and a 1 let 
fall on AC from B : the locus of the foot of thu 1 ia aoircle. 
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56. If a eegment All of a given lino te cut in a given anlinr- 
monio ratio in two variable points S, X', then the anlai-monio 
ratio of any four positions of S -will be equal to the imliaimonio 
ratio of the four conesponaiiig positions of X'. 

57. It a variable A inscribed in a 0, X, whose radius is K, has 
two of its sides touching another O, T, whose radius is r, and 
whose centre ia distant from the centre of X by iS ; then the dis- 
tance of the centre of the O coaxal with X and Y, wHch is the 
envelope of the third side of the A from tie centre of X, 

■ ' ' ' 4ii> ■ 

58. In the same case the radius oi lie O which is the enve- 
lope of the third side is 

r^Ii - p) - F.p^ _ 



59. If two tangents be drai™ to a 0, lie points where any 
third taugent ia cut by tieae will be haj-monio conjugates to the 
point of contact and tie point where it is cut by Ihe chord of 

60. If two points be inverae to each other with respect to any 
O, then the inverses of these will be inverse to each other with 
respect to the inveise of the G. Hence it follows that if two 
flgui-es be invei'se to each other witi respect to any Q, their 
invatses will be inverse to each other with respect to the inverse 
of the circle. 



Analysis.— Let L, M, N be the points of contact of three ©a 
which touch one another, and each touch two sides of lie A ABC ; 
di'aw the common tangents BE, EG, HI to these 0s at their 
points of contact L, M, N ; then, since ihese lines aj'e the radical 
■ axes of the 0b taken in pairs, they are conouirent ; let them 

Now, it is evident that FH - HD = FO - DP = FM - BL = 
FK - DK. Hence H is the point of contact with FD of tie O 
described in the A FKD. In like manner, E and G are the 
points of contact of 0s which touch the tiiads of lines IK, KF, 
AC ; and IK, DK, AB, respeotivoiy. 
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ES and HQ meet on tlieir of similitude ; .■. C is » point on the 
G of similituds of the 0a ES and HQ ; and therefore these Os 
auiitendequaliaatC, Also, three commoElang.ntsof the 0a HQ, 
ES, PHll, viz., QL, SN, EF, ai-e coQEurrant; .-. (see Ei. 48 
SGciion II., Boot III.) must he the point of concurrence 
thiTje other common tangents to the same 0s. Hence tie eeeoni 
Ij'ansverse common tangent to HQ and ES must pass Uirough C 
and since C is a point on their of similitude, thia ti'ansverai 
comnion tangent must bisect the i. ACB. In like manner it i 
proved that tha hiseetors of A and E are tranevei'se comnion tan^ 
gents to the 0a ES and GT, and to HQ and GT, lespectively 
Eenoe, we have the following elegant oonstruetion : — Let ¥ be 
lite pomt of concurrence of the tliree bisectors of the i b of the A 
ABO. In the As VAB, TEC, VGA, describe tbeeOs: these 0a 
will evidenay, taken in pairs, have TB, VC, VA as tranevei'se 
common tangents ; Uien to the same pairs of Os draw tie three 
other transverse tangents i these will be reapeetively ED, GF, 
HI and the Cs leiciibed touching the triads of lines AE, AC, 
ED AB BC Gr AB EC HI, wdllbe therequiredcirelea. 



This consbuotion is due to Sterner, and the 






and elemental piouf to Dr Hart (see Quarlerl^ Jotimiii, vol. i 
p 21J) 

62 It a liansvere 
number ot fix^l line 

point Buch that 

11 II 
OP OA OB ' 00 
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63. Tlie sum of ths squares of the radii of tliG four Oa, cut- 
ting ortliogonally tKe inBcribecl aud eaciibed Ga of a plane A, 
taken tlireo by liree, is equal to Hie square of the diameter of Uio 
cii-oumBOriliedO. 

64. Deeorilie thTongh two giTea points a ©cuttings giyenaro 
of a gireu in a given auharaionio ratio. 

65. All Qs wMct out three fixed Oa at eq^ual L a fotm a coaial 
system. 

66. Being given five points and a line, find a point on ttie line, 
so that the pencil foiined by jorEiing it to the five gi^en points 
shall form an inyolution with the line itself. 

67. If a quanMlateral he inscribed in a circle, the circle de- 
aoribod on Uia tMrd diagonal as diameter will he the cirde of 
similitude of the circles desoiibed on the other diagonals aa dia- 

68. If ABC be any A , B'C a line di-awn II to the base BO ; 
(hen, if 0, ff be the escribed Os to ABC, opposite the i s B and 
C respectively, Oi the inscribed O of AE'C, and O'l tie escribed 
O opposite the L A ; then, besides the lines AB, AC, which are 
common tangents, 0, 0', Oi, O'l, are all touched by two other 
circles. 

60. When two Osinleraect orthogonally, the locus of the point 
whence four tangents can he drawn to the Os, and forming a 
harmonic pencil, eonaists of two lines, viz., the polats of the 
conim of sunilitude of the two circles. 

70. If two lines be divided homographically In the two aya- 
toms of points n, i, c, &c., o", V, d, &c,, then the looua of the 
poinla of iuteiseotion of aV , a'h, ad, o'c, oiT, t^d, &o., is a right 

71. Being given two homographie pencils, if through tie point 
of intersection of two corresponding rays we draw two transvor- 
sals, which meet the two pencils in two aeries of points, the linos 
joining corresponding points of intersection are oonourrent. 

72. Insciibe a A in a havii^ two sides passing thi'ough two 
given points, and the third II to a given line. 

73. If two Aabe dCBCiibed about a©, the sis angular points 
ate such that any four are subtended e^umnhaimonically by the 

74. Given four points A, B, C D on a giien Ime, find two 
oHier points X, Y, so that the anharmjnio ratios (ABiX), (CDXY) 
may he given, 

75. If two quadrilaterals have the same diagonals, the eight 
points of interaeotion of their sides are such that any four are 
subtended equiaubarmonioaEy by the other four. 
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76. Given three raya A, B, C, find ttree other rays X, Y, Z 
through the same vert«i 0, ao that the anharmoiiio ratios of the 
pencils (0 . ABXY), (0 . BCYZ], (0 . CAZS), may be given. 

77. If a A eiimiar to that formed by ths contrea of fhi-ee given 
Ob elide with its three vettioes on their oirciunfei'eiicoa, the ver- 
tieee divide the Oa Iioniographioally. 

'is. Find the locus of the centre of a O, being given that the 
polar of s, given poiat A pasBea through a given point B, and 
the polar of another given point C paraes through a given 
point D. 

79. If a A he self- conjugate -with respect to a given 0, the 
O described about the A is orthogoual to another given circle. 



85. The pencil foimed by diawing tangenta from any point in 
thoirradical axis totwoQa, and drawing two Hues to their centres 
of similitude, is in involution. 

*86. If a pair of the opposite i. b of a quadrilateral he equal to a 
right £. , then the aum of the squares of the rectangles contained 
bj; the opposite aides is equal to the square of the rectangle con- 
tained by the diagonals, 

87. Prove thattheproblem 17, page 88, "To inscribe in a given 
A DEF, a A given m species ■whose area shall be a minimum," 
admits <d two solutions ; and also that the point 0' in the second 
solution, which earresponds to in the first, is the inveise of 
with respect to the cu-cle which eiiviumscribea the A DEF. 

88. The line joining the intersection of the J_3 of a A to the 
centre of a circumscribed w ± to the axis of perspective of the 
given A, and the A formed by joining the feet of the J. a. 



• Tbi9 Theorem is due to BellavlHs. See UiMlfAode dis Eguif^ollenca 



y Google 



IBS A SEQUEL TO ItTCLID. 

89, If two 0a wlioao radii aic R, E', and tlie distance of whose 
eentrta ia B, ba suoi. that a hesagon can be iusoribed in. oue and 
ciroimiBcribed to lio otlier ; then 



(E' - B-)' + 4B"li5 QX'- S^f - iR'ma 



■ 2R" [R* + B=) - (E* - S')»' 



\ (E= - S^y + 4B"ES ) 



i 2B'M 



+ B») - {R" -3)' ; 



91. If -variable O touch two fixed Os, tbe polar «£_ its centre 
ivith respect to either of the fised Os touches a fixed cii'cle. 

92. If a © loaoh three 0b, the polar of its centre, nith respect 
to any of the three Oa, is a common tangent to two oiroles. 

*93. PrOTc that the Prohlem, to inaoribe a quadiilateral, wbose 
peiimeter is a minimum in another quadrilateral, is indetcrminalfi 
or impossible, acooiijing as the given qnadrilateral iias the sum of 
its oppOBite angles equal or not equal to two light anglea. 

94. If a quadrilateral bo inscribad in a 0, the linos joining the 
feet of the ±b, let faU on its sides from the point of inteisectioa 
of its diagonals, wiUfoim aninsoribedqnadrilateralQofniinuaulO 
perimeter; and an indefinite number of other quadrilaterala may he 
inscribed whose sides are respectively equal to tha sidee of Q, tie 
perimeter of each of them being equal lo the perimetar of Q. 

95. The perimeter of Q is equal to the rectangle contained by 
the diagonals of the original quadrilateral divided by the radiue ci 
the circumscribed circle. 

98. Being given foui' lines forming four As, the sisteen cen- 
tres of the insciibed and escribed Gs to these A a lie four by four 
on four coaxal circles. 

97. H the baae of a A he given, hoth in magnitude and posi- 
tion, and the ratio of the sum of the squai-es of the sidea to the 
area, the locus of tie Tertei is a circle. 
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89. If two eidest of a A given in species and magnitude slide 
along two fixed Os, tlie enTelope of tlie third side is a circle. 
(BoBmjBR). 

100. If the lengths of the sides of the A in Ex. 99 be denoted 
hy a, b, c, and the radii of the three Os by a, $, y; than 
aa ± hS ± cy = twice the area of the A, the sign + or —being 
nsed aocordiag ss the 03 touch the sides of the A intemallj or 
exterually. 

101. If five quadiilatarals he formed from five lines by omitting 
each in aucceasion, the lines of eollineaiitj' of the middle points 
rA their diagonals are concurrent, [H. Fox Taleot.) 



103. n the sides of a A ABOj insorihed in a O, he out hy a 
transversal in the points a, *, e. If o, 0, y denote tie lengths of 
fie tangents from a, J, d to me G, then ojSy = A5 . Be . Ca. 



105. If a A ABC eircumsoribod to a O he also ciromnscribed 
to another A A'E'C, and in perspoutive with it, the tangents from 
the vertiMS of A'E'C will meet its opposite sides in three eoUineat 
points. 

106. If two sides of a ti-iangle he given in position, and its 
area given in magnitude, two points can bo found at eacb of 
which the base subtends an angle of constant magnitude. 

107. If two 
in position, th 
Mannheiu. 

103. If the eireumference of a circle be divided into an uneven 
number of equal parts, and the points of division denoted by the 
indices 0, 1, 2, 3, &e., then if the point of the circle diamefii- 
oally opposite to that whose index is zero be joined with all the 
points in one of its semicircles, the rectangle contained by the 
chords terminating in the points 1, 2, 4, 8 ... is equal to the 
power of the radius denoted by the mnnher of chords. 
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109. A right line, wliich. lisefifs lie peiimeter of tlie . 
figure contained by itnt perimeter, tisecta also the ai 
figure. Hence aliow, that of all figures having the same 
a circle Bns tie greatest area. 



111. The polar circles ol tie five fiianglea external to a pen- 
tagon, wbioh are fo-med bj producing its sides, have a common 
orthogonal cu'cle. 

112. Tte sis aniarmonic ratios of four coUinear points can be 
espreseed in terms of llie trigonometrioul functions of an angle, 
namely, 

— sin'^, —003^^, tan^^, -eosoo'^, — eec'^, cot'$. 
Show how to eooBtmct p. 

113. If the sides of a polygon of an even nnmher of Bidee he 
cut hy any transversal, the product of one set of alternate seg- 
ments is equal to the product of the other set. If the number of 
sides of the polygon be odd, the rectangles will be e^nal, but will 
have contrary s^ns (Cabmot). 

lit. If from the angular points of a polygon of an odd number 
of sides conouirent lines be drawn, dividing tie opposite sides 
each into two segments the product of one set of alternate seg- 
meuti IS equal to the product of the cth r set (Po^cELEI). 

IIS If the points at mflmty on two lines di^nded homo- 
graphjtally be oorrespondmi, pomts, the hues are divided pro- 
poitionalli 



116 Toe 



a jmdrihte! ! bei g gut i tli,fiiur sides and 



Analysis.— Let ABOD be 
the required quadrilateral. The 
four sides, AB, BC, CD, DA are 
given in magnitude ; and the 
area is also given. Draw AE 
parallel and equal in BD. Join 
ED, EC ; draw AF, CG per- 
peudioulfu' io BL ; produ "" 



.0 H ; bisect B 



nO. 



Now we have 

EC - CD' = 2BD , oa 
AD' - AB« = 2BD , or J 
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EC + AD' - AB' - CD» = 2BD . FG = 2AE . AH. 

Hence, eince tte four lines AB, BC, CD, DA ere giyen it 
magnitude, tta rectangle AE . AH is given. Now, if we suppoae 
tko line AD fo be given in position, eiuce DE ia equal to AR 
wMcb. is given in magnitude, the looua of the point E is a oirole , 
and aince tie rectangle AH . AE ia given, the locus of the point H 
is a circle, namely, the inveree of Uie locua of E, 

Again, since the iinee AB, AC are equal, respectively, to iha 
diagonals of the quadrilateral, and include an angle equi to that 
hetween. the diagonala, the area of the liiangla AGE ia equal to 
the area of the quadnlateral. Hence the area of tlie triangle 
ACE is given. Therefore the rectangle AE . CH is given. And 
it has been proved that the rectangle AE . AH is given ; therefore 
the ratio AH ; CH ia given. Hence the triangle ACH is given 
in species. And since tie point A is fised, and H movea on a 
given circle, C movea on a given oirole. And since D ia fixed, 
and DC given in magnitude, lie locns of the point ia unother 
circle. Hence C ia a given point. 



117. Prove from the foregoiM 



lalyaia 
!, D a 



H9. The difference of the aquarea of the two interior diagonals 
of a cyclic quadrilateral ia to twicB their rectangle as tho distance 
between their middle points is to the third diagonal. 



diagonals and all the angles of a quadri- 



122. I/Lie one of the limiting paints of tv>o cireUa, 0, 0', md 
LA, LB two fflrfii motors at right angles (o eatk other, and iermi- 
nalina in these oirtlea, the ioeus of the intereeotion oftangenta at A 
and Bis a (nrcle coaxal with 0, 0', 

Dem. — Join AB, intersecting the circles again in O and E, 
Uid let lall the perpendiculars OC, O'D, LE. 
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Then 



AL' ; AB. AH : : OL : 00' [vi. Sect. v. Prop, i 
EuE AL' = AB.AE. 

Hence AE : AH : : OL : 00' ; 

therefore AE ; HE : : OL : O'L. 

In Uke moiiuer GE : BE : : OL : O'L. 

Hence AG : BH : : OL : O'L, 




that is, in a giyen ratio. Therefore the tangents AK, BK are in 
a giyen ratio [Euclid, VI. ir. Ex. 2] ; and the locus of K is a 
cinJe coasal with 0, 0'. 

This theorem is the reciprocal oi a remariablo one in Conf ooal 
Coaics (aee Coaiss, page 18i|. The demonstration of it here 
giyen, aa well as that of the Pwposition Ex. 116, ha\B been com- 
municated to me by W. S. M'CiT, f.t.c.q. 

123. In the same ease the loeus of the point E is a circle eo- 
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125. If J- be the mdius of tie insEiibed oitcle of a triangle ABC, 
jLHd p the nidiuB of a circle touching ths circumacribed circle in- 
lernallj and the sides AB, AC ; thea p coe= JA = r. 



ility of the two eircles ii 






and he also 



123. If AB, CD be the diameters of ti 
Mgments of the same line, prove that the two circles are equal 
which touch respectiTely the circles on AB, CD ; theii radical 
ajfis on opposite sides, and any circle whose centre is the middle 
point of AB.— (Steineh.) 



129. Given thre. 
ind a point such 



itiAO + 



130. If A, B, C, D he any four points connected by four circles, 
each passing through three of the points, then not only :' " 
angle at A between the aces ABC, ADC equal to the angli 
helween CDA, CBA, but it is also equal to the angle at 

;s DAB, DCB ; and to tte angle at B between BCD, 



BAD.— (Hah 



N.) 



131. If A, B, C he the escribed circles of a triangle, and if 
A', B', C be three other circles touching ABC as follows, " 
each of them touching two of the former exteriorly, and on 
teriorly ; then A', B', C intersect in a common point P, and the 
lines of connexion at P with, the centres of the circles are perpen- 
dicular to the sides of the triangle. 

!32. The line of colJinearity of the middle points of the diago. 
nals of a complete quadrilateral is perpendicular to the line of 
colljaeaiity of the orthocentres of the four triangles. 

133. The sines of the angles which the line of GollineaTity of 
the middle points of the diagonals of a complete quadrilateral 
mates with the sides are proporljonal to the diameters of the 
circles described about its four triangles. 

13i. If r, p he the radii of two concentric circles, and B the 
TUdius of a third circle (not ceoessarily concentric), so related l*> 
them that a triangle described about the ciiele r may be inscribed 
in H, aad e, quadrilateral about p may be inscribed in R ; then 
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135. If E, r be the radii of two circlee, C, C, of wticli tta 
former ia supposed to include the latter ; tten ii a series of oii-clea 
Oi, Oj, Oj, . . . Oni be deEcribed touching both and touching eacb. 
other iu sucoeseion, prove that if traTereing the space between 
C, C M timea conseouti-vely the circle Om touch Oi if 5 be the 
distance between the centres, 

(K ~ ry - 4E>- tan» — = S". — (Steinbe.) 

136. If A, E, C, D bo any four points, and if the three pairs 
of lines which join them intersect in the points J, n, 4, lien the 
nine-points circles of the four triangles ABC, ABD, ACD, BOD, 
and the circle about the triangle hil, all pass through a common 
point P. 

137. If Ai, Bi, Ci, D| be the orihooentres of the trianglea 
A, B, C, &c., and h, ci, rfi the points determined hy joining 
Ai, Bi, Ci, Di, in pairs ; then the niue-points circles of the four 
triangles Ai, Bi, Ci, &a,, and the circumscribed circle of the tri- 
angle iiCirfi, all pass through the former point P. — (Ei. 29.) 

I3S. The Simson's lines (Book nl. Prop. 12) of the eifi'omi- 
ties of any diameter of the circumcircle of a triangle interaect at 
right angles on the nine-points circle of the triangle. 

139.* Every tangent to a circle is cut harmonically by the sides 
of a ciroumscrjbad square, and also by the sides of a circumscribed 
trapezoid whose non-parallel sides ore equal. 



that the circumcitdes of the three tnanglea so formed to 
eyery position a paic of circles belonging to two giTen coaxal 

141. Weill's Theorem, — If two circles he so related that a poly- 
gon of « sides can be inscribed in one and circumscribed to the 
other, the mean centre of the points of contact is a fixed point. 

142. In the same case Iha locus of the mean centre of any 
number {n — r) of the points ia a circle. 

"Weill's Theorem was published in ZiouvUl^s Journal, 
Third Series, Tome IV., pa^e 270, for the year 1878. A 
piopoution, of which "Weill's la an immediate inference, was 
published by the Author in 1862, in the Quarterly Journal 
of IPare and Applied Matheiaatisi, Vol. V., page 44, Car. 2. 
* Theorems 139, 140, have been communicated fo the author 
by EoEBBT Ghaham, Eac[., a.m., i.c.n. 
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SUPPLEMENTARY CHAPTEE. 
RECENT ELEMENTARY GEOMETRY. 



SECTION I. 

Theokt of Isogohal and Isotomic Points, . 
Aniipaeallisi, ahd Stmmkdiah Lines. 



Def. — Jfoo lines AX, AY m-e mid to le Isogonal 
CoHJTJBATBa, with respect to are an^le B AC, wAen they make 
eqiial angles toitk its bisector. 



p,op. l.-Iffn„t 
two points X, Y on two 
lines AX, AY, which 



with respect to a given 
angle BAG, perpendi- 
culm-s XM, YH, XP, 
YQ be drawn to its 
sides; then — 

1°, The rectmgle 
XM.TN = XP.YQ. 

2°. The points Mi's, . 
P, Q are aoneyelie. 

3°. MP is perpendicular to AY, and NCi to AX. 

Dem.— 1°. Fi'oni the construotiou, 'we ha^e 
dently XM : AX : : Yft : AY, and AX : XP : : 
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: YN. Hence [Me. Y. zxu.l XM : XP : : TO : YN ; 
therefore SM.TH" = XP.Ta 

2°. In the same manner AM : AX : ; AQ : AY, and 
AX : AP : : AT : AN". Hence AM : AP : : AQ : AN ; 
therefore AM . ATT = AP . AQ. Hence the points M, 
S, P, Q are concyclic. 

8°. Since the angles AMX, APX are right, AMXP 
ia a cyclic quadrilateral ; therefore tho angle MAX = 
MPX ; but MAX = YAQ. Henoe MPX = YAQ, and 
PX is perpendicular to AQ. Hence PM is perpendi- 
cular to AY. Similarly, QIT is perpendicular to AX. 

Cob. 1 . — ^ the rectangle contained by the perpendi- 
culars from two given points on one of the sides of a gioen 
angle ie equal to the rectangle contained hy the perpendi- 
culars from the same points (?» the other side, the lines 
joining the vertex of the angle to the points are isogonal 
eorg'wgates with respect to the angle. 

Prop. 3. — The isogonal conjugates of three concurrent 
lines AX, BX, CX, with respect to the three angles of a 
triangle ABC, are concurrent. 

Dem.— Let the isogo- 
nal conjugates of AX, BX 
bo AY, BY, reapeetiyely. 
Join CY. It is required 
to prove that CY is the 
isogonal conjugate of CX. 

Prom 1°, Prop. 1, the E 
rectangles of the perpen- 
diculars from X, Y on the 
liiieaAC,BCareoaohcqual 
to the rectangle contained 
by the perpendiculars from X, Y on AB. Hence they 
are equal to one another, and therefore, by Prop. 1, 
Cor. I, the lines CX, CY are isogonal conjugates with 
respect to the angle C. 
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Dbp. — The points X, Y are called isogonal conjugates 
with respect to the tricmgle ABC. 

Cob. 1. — Jf^, Y be isogonal conjugates with respect 
to a triangle, the three rectangles contained hy the dis- 
tances of X, T front the sides of the triangle are equal to 
om another. 

CoE. 2. — The middle point of the Une XY is equalhj 
distant from, the pryevtions of the points X, Y on, the 
three sides of the triangle. 



1. The sum of the angles BSC, BYO is 180^ + A. 

2. The line joinicg any two points, and the line joining their 
iaogoual conjugBtes, with respect to a triangle, subtend at any 
vort«x o£ the triangle angles which are either equal or supple- 
mental. 

3. AM' : AN' : : EM . MC ; BN . NO. (Steinbe.) 

4. If the lines AX, AT meet the circumcircle of the triangle 
ABC in M', N', then ttie rectangles AB . AC, AM . AN', and 
AM'. AN are equal to one anothsr. 

6. The isogonal conjugate of the point M' is the point at in- 
finity on tie line AN*. 

6. If three lines through the vertices ot a triangle meet the 
opposite Bides in oollinear points, their isogonaJ. conjugateo «ill 
also meet them in coUinear points 

7. If upon the sidee of a triangle ABC thiee equihtcral tri- 
angles ABC, BOA', CAB be deoonbeJ either extemall) oi in- 
ternally, the isogonal conjugate of the centre of perspective 
of the triangles ABC, AB C , is a pomt common to the thiee 
Apolbnian circles of ABC (See Co j 3, p 86) 

8. If the lines MX, QT m fig Prop 1, mtexsecl m D, md 
the lines MP, HQ inE, the lines AD, AE ai'e isogonal conjugates 
wiHi respect to the angle BAD, 

9. If D, E be the points where two isogonal conjugates, with 
respect to the angle BAG, meet the base BC of the triangle BAC 
and if perpendiculars to AB, AC at the points E, C meet tho per 
pendioulara to BC at D, E in the pninta D', E' ; D", E", respes 
tively ; then BD'. BE' : CD". CE" : : AB' : AC. 

10. In the same case BD , BE : CD , CE : i AB' : AC'^. 
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Ji-zt.—The rigU lines AB', AC are said to he iso- 
tomie eotyugatea, with reject to a side BC, of the tri- 




'-e ABC, when the intercepts BB', CC on that side 



the plant 



Prop. 3.~If two point 
triangle, he suok that the 
lines AX, AY are isoto- 
micKWith respect to the 
side BC ; BX, BY with 
reaped to AC ; th^tCS., 
CY are isotomia con- 
jugates with respect to 



Dem. — Produce AX, 
AY to moot BC in A', 
A"; BX, BY to meet 

AC in B', B" ; tuid CX, CY to meet AB in C. C", re- 
Then AB'.BC. CA'= A'B . B'C . O'A ; and 
. BC". CA" = A"B . B"C . C"A. [TI., Section i., 
Prop. 2.] 

Hence, Bmltiplying these equations, and omitting 
terms that cancel each other, we get BC. AC"= G"A. 
CA. Hence BC"=CA. d.B.n. 
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Def. — Two points, X, Y, are said to h$ isotomia corru- 
gates, with respect to a iriangle ABC, when the pairs of 
lines AX, AY ; BX, BY ; CX, CY are tsotomtc con- 
jugates, with respect to the sides BC, CA, AB respec- 
tively. 

1 . IE fte multiples for whicli the point X ia the mean centre of 
the poiafa A, B, C be a, 0, 7 ; prove tbnt -, -, - are tlie ihtiI- 
tiples for wbict the iaotomio conjugate of S is the mean centro of 
the points A, E, C. 

2. If a right line meet the Bidas of a triangle in the points A', 
B', 0'; prove that the triads of pi 



Dep. — Lines BO, B'C are said to be antiparallel, mtk 




There ate three systems of antiparallcla with re- 
spect to a triangle ABC, 

!°.— Antipaiallels to BC with respect to the opposite 



Prop. 4. — The aniiparalkls to the sides of a triangle 
are pm-alUl to the tangents to its circumcircle at the 
angiilar foints. 
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For if LMN be the triangle formed by the tangents, 
the angle MAC is [Mti:. III. xxsii.] equal to ABC; 
therefore MAC = AC'B', and hence AM is parallel to 
C'B'. 

Cob. 1 — The points E', C ; B, C are concycUc. 

CoK. 2. — The Urns joining the feet of the pm'pendiett- 
lars of a triitngle are antipwraUel to its sties. 

Bef. — The isogonal conjugate of a median AM! of a 
triangle ia called a symmedian. 

It follows from Pi'op. 2 that the three symmedians 
of a triangle are concurrent. The point of concur- 
rence (E) is called the symmedian point of the triof^le. 

Prop. 6, — Th^ perpendimilars from K on the sides of 
the triangle are proportional to the sides. 

Dem. — Let the perpenctienlars from M on the sides 
AB, AC he MD, ME, and from K on the three sides 




X, y, e. Then [Prop. 1, 1°] MD . s = ME . j/ ; but MD. 
AB = ME . AC. Hence y : a ; : AC : AB, which proves 
the proposition. 
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y % 2A 



CoK. I.- 



+ ¥ + e»" 



Cob. 2. — The s^mmeMam of a triangle are the mediant 
of its antiparalMa. 

Cor. 3, — T?ie symmeiian AS Amdea BC in th$ ratio 
AB» : AC^ 

CoH. 4. — The muUipleefor which E ia ike mean centre 
of the points A, B, are a^, S', e'. 

Cor. 5. — The point K is the isogonal conjugate of the 
centroid of the triangle. 

Prop. 6. — 2%e sgmmedians pass tJwough the poles of 
the sides of the triangle ABC toUk respect to its circum- 
eircle. 

Dem. — Let A' be tte pole of BC. Lot fall perpen- 
diculara AT, A'G ; thoa A'F : A'G : : em A'BF : 
sin A'CG, or : : sin ACB : sin ABC ; .-. A'B : A'G : : AB 
: AC : : perpendicular from K on AB : perpendicular 
from K on AC, Hence the points A, K, A' are col- 
linear. 

CoE. 1. — The polar of K is the axis ofp^spective of 
the triangle ABC, and its reciprocal, with respect to the 
eiremneircle. 

CoK 2. — The tangent at A to the dreumcirele, and the 
symmedian AS, are harmonic conjugates ioith respect to the 
sides BA, AC of the triangle. 

Ttap. 7. — The mtm of the squares of the distances of 
Kfrom the sides of ABC is a minimum. 

Dem. — let a;, g, & be the distances of any point 
whatever from the sides of ABC, and let A denote 
its area. We have the identity 

(^ + y' + ,=)(«= 4 i' + «=) - {ax + iy + c^y 

= {ag - hxf + (Sa - eyj + (ct - a%y ; 
but ax+ly -\- cz = 2A. Consequently a;' + y* + s" has its 
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minimum Talue when the squares which, occur on the 
right-hand side oi the identity yanish ; that is, wten 



CoE, — K is the mean centre of the feel of its own 
perpendimhrs on the sides of the triangle ABC. 

Dep. — Ifweput- = ^iaaio, <» is called the Brocard 
angle of the triangle. 

Prop. 8. — cot bi-cotA + cot B + cot C. 
Dem. — From 6, Cor. 1, wc Iiave 
4A 



Hence 

-?l±*l±i! _2*ecosA + 2ca cos 3i + 2«J Ci 



hut - — ■ — ■ — = cot A, &c. 

4A 

Hence cot lu = cot A + cot B + cot C. 

CoE. — Jfthe base and the Brocard , angle of a triangle 
he given, the loctts of the sgmniedicm point is a right line 
parallel to the base. 
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2. If tie aide BA of the triangle ABC be produeed through A 
iiiitjl AB' = BA ; and at B' and be ereeted [lei-pecdioulara to 
BA, AC, respectiyely, meeting in. I ; AI is perpendicular to the 
sjmmedian passing thraugh A. 

3. If A" be the pole of the line EC, with respect to the cir- 
cuincirde An", As", A/', the feet of the peipendiQulaja from A", 
on iJie sides of ABC ; tlie area of the triangle An", Aj", A," 

12a^ 

4. In the same case prove thtit the figure A"Ai" Ao" &.„" is a 
parallelogram. 



SECTION II. 

Two FlSUEES DIKSCTLT SiMILAE. 

Depin. — Being given a st/sUm of points A, B, 0, D, 
. . . If upon the line joining them to a fixe3i point 
points A', B', C, &c., . . . be determined hy the eondi- 
^. OA' OB' OC „ t ,1 , 

tions -p-T- •= 7r=- =---.= &c., . . . = h, the two sys- 

UA UiJ \)\j 
temt of points A, B, 0, &c., and A', B', C, &c., m-e said 
to le komothetic, and is called their homotketic centre. 

Prop. 1. — 1". The figure homothetie to a right line it 
a parallel right Une. 

2°. The figure homothetie to a circle is a circle. 

m the deflnitiou 



2°. It is cvidentfromBook VI., Section ii.. Prop. !, 
Cor. 4. 

Prop. 2. — In two homothetie figm-es—l°. T-wo homo- 
logous lines are in the constant ratio k. 2°. Tivo cor- 
responding triangles are similar. 

These are eyii^eut. 
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Prop. 3.— Being given two homothetie systems, vi%., 
ABC, . . . A'B'C ...Ifone of them, A'B'C, . . .he 
turned round the homothetie centre 0, through a constant 




angha, into a new posiiim A"B"G"; - , . then — 1°. Any 
two homologous lines (AB, A"B") are itioUmd at an angle 
a to each other. 2°. The triangles OAA", OBB", &c,, 
m-e similar to each other, 

Dem. — By hypothesis, the angle OAB = OA'B' 
= OA"B", and the angle OZA"=OZQ [Sw. I. xy.j. 
Hence [Eue. I. xssir.l the angle A"OZ = ZQ,A. Hence 
ZaA = a!. 

Again, the triangles OAB, OA'B' are eijuiangnlar. 
Therefore OAB and OA"B" are equiangular. Hence 
OA : OB : : OA" : OB"; .-. OA : OA" : : OB : OB", and 
the angle AOA" = BOB". Therefore [Sm. VI. vi.] the 
triangles AOA", BOB" are similar. 

Cob. 1. — Meei^oeally. — Ifv^on the lines drawn from 
a fixed point to all the angles of a polygon ABCD, &o., 
similar triangles OAA", OBB", OCC" be described, the 
polygon formed by the vertices A", B", C", &c,, is similar 
to the original polygon ABCD. 

Cor. 2. — If he eonsidered as a point belonging to the 
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' second 



first fyure, it will be its c 

Eep. — The point is calM a Aoulle potmt of the two 
figwes ; it is also called their centre of similituie. 

Prop. 4. — Being gvoen two polygons directh/ similar, 
it ia required tofM their double point. 

Let AB, A'B' bs two homologous sides of tie figures ; 
C their point of intersection. Through the two triads 
of points A, A', C ; B, B', C describe two circles inter- 




secting again in the point : will be the point re- 
quired. Por it is evident that the triangles AB, OA'B' 
are similar, and that either may be turned round the 
point 0, so that the two bases AB, A'B' will be 
parallel. 

Ofaservatron.— The foregoing oonatruefion must be modifiod 
when the homologous sides of the two figures an 




sides BA, AC of a ti-iitngle. lu this 
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AC doaui-ibo tivo aeginents BOA, AOC, toudimg A.0, BC, re- 
spectiTely, im tlia point A, Then 0, their point of iatersoction, 
will be the double point required, for it is evident ttflt the tri- 
angles, BOA, AOC ore dirootly similar. 

GoK. 1. — If M) he produced to meet the cirmmcireh 
of the trimffle AEC in D, AO is Mseeted in J). 

Bern. — Pioduec EO to meet the circle in E. Join 
ED. Kow since the triangles BOA, AOC are directly 
Bimilar, the angle GAG = ABO, and therefore = ODE. 
In like manner, the angle AGO = DEO. Now, hecause 
the angles DAG andADE are equal, the arc CD = AE, 
Hence DE = AC; .-. chord DE = AC; .-. [^c. I. xxvi.] 
DO = OA. 

CoK. 2. — The distances of the doulh point from any 
two homologous points A, A' are in a given ratio, because 
the distances are homologous lines. 

Cob. 3, — The perpendiculars drawn from ike douhle 
point to any two homologous lines are in a given ratio. 

CoE, 4. — The angle subtended at the double point by 
the Uns joining two homologous points is constant. 

CoH, 6. — The line AO passes through the symmedian 
point of the triangle BAG/ because the perpendiculars 
from the symmedian point on the lines BA, AG are pro- 
portional to these lines, and therefore proportional to the 
perpendiculars from on the same lines. 

■e AB . BD ; AO' 



Prop. 6. — The centre of similitude of a given triangle 
ABC, and an equiangular inscribed triangle, is one or 
other of ttoo fixed points. 

Dem.— Let DEE be an inscribed triangle, having 
the angles D, E, B equal to B, A, C, respectively. 
Then the point common to the circles BDE, AEE, 
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CED will [III., Section i., Prop. 17] he a given point : 
if this Ije O, 12 will be the centre oi similitude of tlie 
triangle ABC, and an equiangular iaseribed triangle, 
suoli as DFE, whose vertex I", corresponding to A, is 
on the line AB. In like manner, there is another point, 
O', which is the centre of similitude of ABC, and similar 
inscribed triangles such aa ETI)', liaving the vertex 
corresponding to A on the line AC. 




called the Brocard joints of (he tri- 
CoB. 1. — The circumcircle of the triangle AflJi toiiches 



Dbp.— n, '0 
niigh ABC. 



BC»! 

Dem. — Since O is the double point of the triangles 
ABC, DEE, the triangles OBD, ilEA ai-e equiimgular ; 
.-. the angle UBD = OAF. Therefore the circle ADB 
touches BC in B. In like manner, the circumcireles 
of the triangles BnC, COA touch respectively CA in C, 
and AB in A. 
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CoH, l.-^The three angles DAB, OBO, liCA are equal 
to me mtotker, and each is e^ual to the Brocard angle of 
the triangle. 

Dem. — The angles are equal [^Euc. III. xxsir.]. Let 
their common Talue he <o. Then, since the lines AO, 
En, Cfi are eoncurrent, we have, from Trigonometry, 

Bin'oj = sin (A - Q.) sin (B - <«) sin (C - <o). 
Hence cot w = cot A + cot B + cot C. 

Therefore <u is tlie Brocard angle of the trianglo (Sec- 
tion I., Prop. 8). 



1. Inscribe ia a given triangle ABC a itotangle similar to a 
given rectangle, and having one side on. tlie side EC of tbe tri- 
angle. A ia the homotiietic centre of the sougM rectangle, and a 
aimiUr rectangle constructed on the side BC. 

2. Inscribe in a given triangle a trianglo wliose sidaa will be 
parallel to the three given lines. 

3. From the faot that a triangle ABC, and the triangleA'B'C, 
whose Teitiees aie the middle points of the sides of ABC, are 
homothetic prove — 1°, thotlheoiediaiisof ABC ai 
2", thit the oithotentie, ■■ ■ ..-..■ 
ABC are collmeai 



6. H figures diieotly similar be desoiibed on the perpendicu- 
lars of a tmogle, pime that their double points aie the feet of 
perpenditulars let fall from the oithocentre on lie medians. 



7. The system of multiples for which fl is the mean ccntie of 
A, B, C is — , —f —; and the system for il' is — , -r, -r. 

8. If the line A'B' (Fig., Prop. 4) turn round any given point 
in the plane, while AB remains filed, the locus of the doubla 
point i^ a circle. 
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9. If through A [second Fig., Prop. 4] a line AF be drawn 
pai'allel to BC, and meeting tht circle AOC again in P ; prove 
that BF iiituraecta the circle AOC in a Brocard point. 

10. Inthe same Fig., if BC cut the circle AOC in G, prove that 
llie triangles ABC, ABS have a common Broeaid point. 



SECTIOJ^f III. 
Lemoine's, Tcckkk's, and Tayloe's Circles. 
Prop. 1. — The three pm-alleh to the aides of a trimigU 
through its symmedian point meet the sides in six con- 
cyclic points. 

Dem.— Let the parallels be DE', EF', FJ)'. Join 
ED', DF', EE'. Now AFKE' is a parallelogram. AK 




Prop. 5, Cor. 2] FE' 
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is fuitiparallel to EC. Similai'ly DF' ia antiparallel to 
AC. Hence the angles A'EW, EI"D aro equal ; honoe 
it is easy to see that TE' is equal to I"I). In like 
maoner it is equal to ED'. 

Again, if he the circumcentre, OA is perpendi- 
cular to FE'; therefore the perpencUculaj; to EE', at its 
middle point, passes through the middle point of KO. 
Hence, since FE'=ED'= DF', the middle point of KO ia 
equally distant from the six points F, E', E, ly, D, F. 

This proposition was first published in 1878, at the 
Congress of Lyons, Aesociation Francaue ^w V manee- 
mmt dea Sciences, by M. Lemoine, ■who may be re- 
garded as the founder of the modem Geometry of the 
triangle. It was rediscovered in 1883 by Mr. Tucker, 
Quarterly Jownal of Pwe and Applied Mathmnaties, 
p. 340. 

I proved, in January, 1886 {Proceedings of tho Eoyal 
Irish Academy), that polygons of any number of sides 
called harmonic polygons, can be constructed, for "which 
a con-eaponding proposition ia true. [See Section vr.] 

Def. — We shall call the drch through the sia> points 
F, E', E, D', D, F' Zemoine's circle, and the hexagon of 
which thep are the angtilar points Lemoine' s hexagon. 

Cor. 1. — The sides of the triangle ABC are divided 
symmetrically hy Lemoine's circle. 

For it is easy to see that 

AF : FF' : L F'B : i' 
BD : DD' : : D'C : e" 
CE : EE' : : E'A : d> 



Dam.. — Let fall the perpendicular AL ; then, 
the triangles DKD', BAG ai'e similar, 

DD' : a; : : EC ; AL : : B= : 2A. 
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Hence DD'=— = -^-4; — -. 

In like manner, 

EE' = - — f, -- - ■■ , FF' = -^r-t. — -.■ 

On account of this property, Mr. Tucker called the 
Lemoine circle " The Triplicate Ratio " circle. 

CoK. 3. — The six triangles into which the Lemoine 
hexagon %a divided hy lines from K to its angular points 
are each similar to the triangle ABC, 

CoE. 4. — If lines d/rawnfrom the angles of a triangle 
ABC, through a Broowdpoint, meet the eireumeircle again 
in A', B', C, thejigure AB'CA'BC is a Lemoine hexagon. 

Prop. 2, — The radical axis of Lemoine' s eirde and the 
cirmmeircle is the PascaVs line of the Lemoine hexagon. 

Dem.— Let FE produced meet BC in X. Then 
since FE' is antiparallel to BC, the points BFE'C ai-o 
concyelic. Hence the rectangle liX . CX = FX . E'X. 
Therefore the radical axis of the Lemoine circle and 
the circnmcirole passes through X. Hence the pro- 
position is proved. 

Cos. 1. — The polar of the symmedian point, with 
respect to the Lmoine circle, is the Pascal's Une of 
the Lemoine hexagon. 

For since DFE'D' ia a quadrilateral inscrihed in the 
Lemoine circle, the polar of K passes through X. In 
like manner, it passes through each pair of iatersec- 
tions of opposite sides. 

Cob. 3. — If the chorda DE, D'E' intersect inp, EF, 
E'E' in q, tmd FD, E'D' in r, the triangle pqr is in per- 
spective with ABO, 

Dem. — Join Aq, Cp, and let them meet in T ; then 
denoting the perpendiculars from T on the sides of 
ABO by a, /3, y, respectively, we have a: fi : : per- 
pendicular from ^ on BO : perpendicular from p on 
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CA— aat is, : : DD' -. EE', or : : a' : i'. In Hke man- 
ner, /3 : -y : : i' : (!'. Hence a : y. : a^ : d^ : : perpen- 
dicular from r on EC : perpendicular from r on AE. 
Hence the line Br passes through T. 

Cob. 8. — The perpendiculars from ihe centre of per- 
speetive o/ABC, pqr, on the sides o/ABC are prop<rr- 
tional to o?, i', e". 

Cob. 4,— The intersections of the ant^arallel chords 
B'E, ET, WD with Zemoine'a paralleh DE', EF', ED', 
respectively, are colUmar, the Une of coUinearity leing 
the polar of T with respect to Lemoine's circle. 

Bern. — Let the points of intersection be P, Q, E. ; 
then Gyp forms a solf-conjugate triangle ■witi respect 
to Lemoine's circle. Hence P is the pole of C^, 
Similarly Q is the pole of Ay, and £ the pole of Br ; 
but Af, Cp, Br are concurrent. Hence P, Q, It are 
coUinear, 

Prop. 3. — If a triangle a^y be homothetie with ABC, 
the homothetie centre being the symmedtan point of ABC ; 
and if the sides of afiy produced, if necessa/ry, meet those 
of ABC in the points D, E' ; E, W; F, B'; these six 
points are coney die. 

Dem. — Let K be the symmedian point. Prom the 
hypothesis it is evident that the lines AK, BK, CK are 
the medians of EE', DP', ED', Hence these lines are 
antiparallel to the sides of the triaigle ABC, and 
therefore, as in Prop. 1, the six points aro conoyclic. 

CoE. 1. — The circwmcentre of the hexagon DD'EE'PE' 
bisects the distance between the etrcumeentres of the tri- 
angles ABC, ajiy. 

CoK. 2. — If the triangle n/3y vary, the locus of the eir- 
ctmteentre of the hexagon is the line OK.. 

The circumcircles of the hexagon, ■when the triangle 
aj8-y yaries, were first studied by M. Lbmoikb at tiie 
Congress of Lyons, 1873. Afterwards by Keubeeg 
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see Mtdliem, vol. i., 1881, pp. 185-190; by M'Cat, 
^wcational Times, 1883, Question 7531 ; by Tucker, 
Quarterly Journal of Pure and Applied Mathematics, 
Tol. XX., 1885, pp. 57-59. Heuberg haa called them 
Tuckee's Cikcles. 

Cor. 3. — If the triangle o.^y reduce to the point K, the 
Tucheb's Cibclb, whose centre is the middle pomt of OK, 
is Lemoinb's CiitCLEs. 




Cott. 4. — Ifparailels to the sides afijie orthoeentre tri- 
angle pass through K, the centre of the TooitEa'a oirch 
will he K, the inscribed triangles will have their sides 
perpendieular to those o/AJBC, and the intercepts which 
the eirele makes on the sides of ABC will be proportional 
to the eosines of its angles. This is called the Cosine Cibcle. 
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CoE, 5, — Ths centre of perspeciwe of ABC, and the 
triangle formed hy the points E', D, E, is the Brocard 
point Q, and of ABO and E'i"D' is Q'. 



Prop. 4. — If A', B', C le the vertices of the ortJio- 
eentrie inmgle 0/ ABO, and E, N ; E', W; E", N" 
their prcjeetions on the sides, these projections are con- 




Dem. — Let H be the orthoceatre. Then the figures 
AEA'H", ACHE' are homothetic, A being the homo- 
tlietic centre. Hence EN is parallel to CB', and 
evidently K'K" is antiparallel to C'B'; .-. E'E" is 
antiparallel to Elf. Hence the points KK'K"'H are 
concyclio. Similarly E'K"ETT' are coiLoyelio. Hence 
the propoBition is proved. 

This circle was first discussed in England hy H. M, 
Taylor in a Papor published in the Proc. of the London 
Mathematical Society, vol. xy., p. 122, It is called 
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the Taylor circle o£ the triangle. I shall denote it hy 
the letter T, and the Taylor circles of the triangles 
BHC, CHA, AH35, respectively, iDy T,, T^, Ta- 

Prop. 5.— The chords KK, WW, K"N" p/T meet the 
sides of the triangles BHC, CHA, AHB, respectioely, in 
their points of interseotion mth the Taylor's circles of 
these triangles. 

Dem.— LetKNmeetBHinL, andHC iaM. Now 
it is evident that tlie point A' is common to the circum- 
circles of the four triangles formed by the Unes AB, 
AC, BB', CO'. Hence [Book III., Prop. 12, Cor. 2] 
the projections of A on these lines are eoUinear ; there- 
fore the points L, M are the projectioiLB of A' on BH, 
HC, respectively- Similarly M' is the projection of 
B' on HC, and M" of C on BH. Therefore the circle 
T, passes through the points L, M ; M', N' ; M", N" ; 
that is, through the points of intersection of KN, K'N', 
K"N", with the sides of the triangle BHC. Henco the 
proposition is proved. 

Prop. 6. — ThecmtresofT,Ti,TifTieoifieiderespectively 
with the ineenire and the estcentres of the triangle formed 
hy joining the middle points of the sides of the orthocentrto 
triangle o/ABO. 

Dem. — The line KN is evidently the Simson's line 
of the point A' with respect to the triangle BHC, and 
C is the orthocentre of BHC Hence A'C is bisected 
by KN [Book III., Prop. H]. Similarly, KS" bisects 
A'B', therefore it bisects two of the sides of the triangle 
A'B'C, and similar pitiperties hold for K'N', and E"If. 
Hence, if a, ^, y he the middle points of the sides of 
A'B'C, each of the lines KN, E'N', K"H"" passes through 
two of these points. Again, since B'C is bisected in 
a, the triangle aN'N" is isosceles, and the bisector of 
the angle a. bisects N'M" perpendicularly, and therefore 
passes through the centre of T. Similarly, the bisectors 
of the other angles of the triangle a^y pass through the 
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ceiiti-0 of T. TherefoiQ the centre oi T is tte incentre 
of the triangle mfiy. Similarly, the exoeati-es of a^y 
are the centres of Ti, T„ %. 

CoK. 1. — Taylor's circle T isone of the Tueher system 
of the triangle ABC. 

For, if we consider the triangle KK"'N' inacribed in 
ABC, the angle 'KWN' is equal to KK'W, since the 
points K, K', K", IN" are conoyolio ; bat KK'N'ia equal 
to C, since K'N' is autiparallel to AC. Hence KE"IT 
is equal to C. Again, IfKE" is equal to ff'K'K", 
which, since K'K" is parallel to BC, is equal to K'N'B, 
and therefore equal to A. Therefore KK"W is similar 
to ABC. Hence its ciccumcircle T is one of the 
Tucker system of the triangle ABC. 

CoK. 2.— The radical axes of the etreles T, T„ T„ Tj 
iakm in pairs are the sides and the altitudes of the tri- 
angle ABC. 

CoE. 3. — The figxtre formed % the centres ofT, Ti, Tj, 
Tj is similar to, and in perspective with, that formed by 
the points H, A, B, C. 

For, H, A, B, C are the incentre and the excentres 
of the triangle A'B' C, which is similar to, and in per- 
spective with, a^y. 

Frop. 7. — Taylor's circle T cuts orthogonally the 
three escribed circles of the orthocentric triangle of ABC, 
and each of the circles Ti, Ta, Tj cuts orthogonally the 
inscribed and two of the escribed circles of the same tri- 
angle. 

Bern. — Let the perpendiculars from A, B, C oa the 
lines B'C, C'A', A'B', respectively, \iB ir,, jrj, ttj, re- 
spectively ; then tti, ttj, ttj are the radii of the escribed 
circles of A'B'C. Now, since the triangles AB'C, 
ABC are similar, -jt,': AA" ; : AC" : AC ; that is, ir,' : 
Aff . AC : : AC . AK" ; AC ; .■. tt,' = AN . AK"; but 
AN. AE" is equal to the squai-e of the tajigent from 
A to T. Hence the circle whose centre is A, and radius 
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n-,, cuts tho circle T orthogonally, and similarly the 
circles whose centreBj^B, C, and radii jtj, x, cut T ortho- 
gonally. Hence the proposition is proved. 

Prop. 8. — Ifrr he the aemiperimeter of the triangle n^Sy, 
and p, pi, /la, p^ tke radii of Hb indrcle mid cwtyameiroUa ; 
then the squares of the radii of Taylor's circle are, re- 
sjieetively, p'+cr,^ p,' + {y-af, Pi+{<r-^)^, PsH<^-y'f- 

Dem. — Since the triangle A'N"C' is right-angled at 
H", and A'C is bisected in /3, W^ is equal to A'/? ; 
that is [^Mio. I. xxxit.], equal to ay. In like manner, 
ctE" is eqnal to 0y. Hence N"K" = 2a- • and since the 
circle T passes through the points K", K", and is con- 
centric with the incircle of a^y, we have the square of 
the radius of T = p' + iWK'" =■ p' + <r'. 

Again, if M"C' be joiued, the figure C'W'B'W is a 
rectangle. Hence M"K" = 2aB' = 2^y = 2a., but WW 
= 2<r; .-. N"M" = 2 (o--o), and, as before, the square of 
the radius of Ti = p,' + (o- - a)'. Hence the proposition 
is proved. 

CoK. — The s'xm of the squares of tke radii of Taylor's 
circles is equal to the square of the diameter of the circum- 
eirch. 

For it is easy to see that the squares of the radii of 
the four circles are, respectively, equal to, 



4R'(sin=A sin'B sin'C + cos'A c 
4K,Hcos'A sin'B sin=C + sin'A c 
4E'Csin'A cos=B sin'O + cos'A si 
4E.''(3in'A sin'B cos'C + cos'A & 


os'B eos^C), 
3s"B cos'C), 
:n=B cos'C), 
Ds'B sin'C), 


and the sum of these is 4E'. 





1. The chords DE, EF, I'D of Lemoine's hexagon meet the 
chorda F'L', D'E', E'F', respeutivelj' itt three points forming a 
triangle homothetio with ABC. 

2. The triangle formed by the three alternate flideaDJI", FE', 
ED', produced, ia iiomotlietic with the oiitoeentj-ic triangle, and 
their ratio of similitude ia 1 : 1 cos A cos B oca C. 
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1. The perimeter of Lemoine'a hesBgon is 



6 If lie n 

D D E E F F 1 

tang aad h, a « aie p po t onal to s a 2 1 sm li 
a 2C 

7 In he tn a. li g al of aa h re ti gle passes 
h h h p ah 3 affo ds a proof of the 
li re h h dd p f ai y o dc tlie m He poi t ot 

p ndmg p p nd ihe symmedian po nt are 

8. If the sidea of th.o tiiangle afiy (Sg., Prop. 3) pioduoeJ, 
if necessary, meet the tangente at A, B, C to tie ciroumcircle, six 
of the points of interaeotion axe concyelio, and three are oolUflcar, 

9. If the distance OK between the drcumuentre and eymme- 
dian point be divided in the ratio J : m by the centi-a of one of 
Tuclter's circles, and if E, E' be the radii of the ci rcumcitcla an d 

the coBine circle, the radius of Tucker's cireleis . 

10. The aquare of the diameter of Lemoine'e oixole ia E^ + R'". 

11. H a vaiiable triangle bj97 of given species be inscribed in 
a fixed triat^le ABC, and if the veilaces of aBy move along iJie 
rides of ABO, the centre of similitude F of «By, in any two of its 
poritions, is a fised point. (Towkshnd.) 

12. In tLe same ease, if the circumoirele of aSi meet the sides 
of ABC in the three additional points a,ff,y ; the triangle a'P'y' 
is given in species, and the centre of similitude P' of it, in any 
two of its positions, is a fixed point. (Tavloh.) 

13. Also F, F' are jsogonal conjugates witb respect to the 
triangle. 

14. The locus of fbo oenta of llo circle 0,87 is a light line. 

15. If through the Brooard points and the oenfie of any of 
Tueker'a circles a oiicle be described, cutting Tucker's circle in 
X,Y; prove flS + fl'S = flT + flT = oonstimt. 
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17. H the middle points ol the lines AH, BH, CH he A", B", 
C", reapeotively, and the middle points of the sides BC, CA, AB 
be A'", B'", C" ; then tie Simson's line of any of these six 
points, with respect to the triangle A'B'C, passes through the 
centres of two of Taylor' a circloa. 

18. If the orthooentres of the trisingles AB'C, HB'C be P, Q, 
respectively, the lines AT, A'Q are biaecLed by lie centres of two 
of Taylor's circles. 

19. The Simson's lines of any vertoi of the triangle A'B'C, 
witli respect to the four triangles A"B"C"', B"C"A"', C"A"B'", 
A"'B"'C"' pasa reEpeotively through (he eentres of Taylor's 
circlea. 

20. Prore that the intercept which the loci in Ei. 16 make on 
any aide of the tiiangle subtends a right angle at either Brocard 



SECTIOlf IV. 
Gbnbeal TnEOur oi' a Systhm or Tueee Similak 

FiGUEES. 

Notation,— Let Pi, F^, Fj he three figures directly 
similar; a,, Sa, Oj three corresponding lengths ; lii the 
constant angle of intensectioE of two corresponding 
lines of Pj and Ej; oj, a, the angles of two correspond- 
ing lines of Tj and T,, of Fi and Fj, respectively ; Si 
the douhle point of F, and F^ ; S, that of Fa and F, ; 
S3 that of Fi and Fj. We shall denote also by (0, AB) 
the distance from the point to the line AB. 

Def. l.—Tke triangle formed hy the ikree double yoinis 
S,, 82, S3 is called the triangle of similitude ofY,, F„ Fa; 
and its eiretmieircle their circle of similitude. 

Prop. 1. — 1» every system of three figwes directly 
similar, the triangle farmed hy tk-ee homologous lines is 
in perspective with the triangle of similit'ude, and the 
locus of the centre of perspective is their circle of simili- 
tude. 
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Dem. — Let di, dj, (^ be three homologous lines 
forming the tiiangle DiDjUs ; we have, hy hypothesis, 



(S„« ft (8„4.) 


«., (S., *) 


(8„« *' (B.,*) 


^*' (S„A) 



Hence it foUows that the lines SiD,, S^Dj, S^, eo- 
intersect in a point K, -whose distances from the lines 
d„ di, da are proportional to Oi, flj, a^. The triangle DiDiDj 
being given in species, its angles are the supplements 
of «i, oj, a.,. Hence the angles B.EDs, HiKD^, D3KD1, 




are constants; that is, the angles SiKSj, SjKSj, S3K81 
are eonfltants. Hence the point E moves on three 
circles passing through Si and B,, Sj and S3, S3 and Si ; 
that is, it moves on the ciccumcircle of tlie triangle 
SiSjSj- 
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Dur. 2. — Tke point K %e called the perspective centre 
oftJie triangle DiDjDs, 

Prop, 2. — In emry system of three similar figures 
there is an infinite nuraber of triads of conov/rrent honw- 
loyous lines. These lines turn round three fixed points 
Pi, Pj, Pa of the circle of similitude, and their point of 
concwrence is on the same circle. 

J}%m. — Let K be the perapeotivo centre of a tri- 
angle D] DaDa formed by three homologous lines. 
Through K draw three parallels, KPi, EP,, KP, to the 
sides of BiDsDj. These are three homologons lines. 

^°' csrKp;y=(8;;^) = «;'^'- 

The point P, is fixed ; for the angle SiKPi is equal to 
the inclination KDi to D3D3, which is constant. Hence 
the arc 8P1 and, therefore, the point Pi is given 
Similarly the points Pj, P3 are fixed. 

Def. 3. — The points P„ Pj, P3 are called the invariable 
points, and the triangle PiP»Ps the invariable triangle. 

Cob. 1, — The invariable triangle is inversely similar 
to the triangle formed ly three homologous lines. 

For the angle PsPsPi = PJCPi = angle BiD^J),, and 
similarly for t£e other angles. 

Cob. 2. — The invariable points form a system of three 
corresponding points. 



Por the angle 



S,Pa (S„ KPa) a^ 



CoK. 3. — The lines of connexion of the invariable points 
Pi, Pj, P3, to any point whatever (K) of the circle of simi- 
litude, are three corresponding lines of the figures Pi, 



yGoosle 



TO EUCLID. 

In laot these lines pass tkrough three homologous 
points, Pi, Ps, Pj, iuid make with each other, two hy 
two, angles equal to a^, a^, oj. 

Prop. 8. — The tricmghformidh'!/ any three correspond- 
ing points is in perspective with the invariable triangle, 
and the loom of their centre of perfective is the circle of 
similitude. 

Dem.— Let B„ Bj, B3 he three corresponding points ; 
then PiBi, PjB,, PjBj are three corresponding linos; 
and since they pass through the inTariable points they 
are concurrent, and their point of concurrence is on 
the circle of similitude. Hence the proposition is 



Prop. 4, — The invariable triangle and the triangle of 
similitude are in perspective, and the distemces of their 
centre of perspective Jrom the sides of the invariable tri- 
angle are inversely proportional to «,, a^, Uj. 

Dem. — We have 

^ _ ^= ^ (Si- r.Pj) «j (S„ PjPs) 0, _ (S3, P3P,) 
fis " 8,Ps " (Si, P.Pa} ' a, " (S„ P,P,) ' «, " (S„ P3P,) ■ 

Hence the lines SiPj, SjP„ SjPs axo eoncui-rent. 

Dbf. 4. — The centre of perspective of the invariable 
triangle, and the triangle of similitude, is called the 
director point of the three similar flgnres Fi, Tj, Fa. 



Zet Bi be the point 0/ Fi, which is homologous to Sj, 

considered in F, and F^, 
Iiet Sg' be the point of Fj, which is homologous to Sg, 

considered in Fi and F,. 
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The triangle Si'Sj'Sj' ia in perspective hoth mtk the 
imariabU triimgh and with the triangle of similitude ; 
and the three triangles have a common centre ofp^spec- 



Dem. — By hypoth-esia, the three points S,', Si, Si 
are homologous points of the figures Fj, Fj, Fj. Hence 
the lines S/Pi, S^P^, S1P3 are concurrent. Hence the 
points 81', Pi, S, are eoUinear. Similarly Ss', P„ 8, 
M« colliaear, and S3', P3, S3 are coUinear. Mence the 
proposition is proved, 

Def. 5, — Thepoints S/, S,', S3' are called the adjoint 
points of the figures. 

Prop. 6. — In three figwes, Fi, Fj, Fj, direetly similar, 
there exists an infinite number of systems of th-ee eorre- 
tponding points which are colUmm-. Their loci are three 
circles, eaeh passing through two double points and 
through E, the centre of perfective of the triangle of 
similitude, and the invariable triangle. Also the Une 
of collinearity of each triad of corresponding points passes 
through E. 

Dem, — Let Ci, Cj, C3 be three homologous collinear 
points. Since Sj ie the double point oi the figures Fj, 
Fi; the triangles SaCsCi, SJaPi are similar; therefore 
the angle SbCsCj is equal to the angle SsPaP,, and 
therefore [Mk. III., xxi.] equal to the angle SjSiE. 
In like manner, the angle CaCjSi is equal to SiSjE; 
therefore the angle S2C3S1 is equal to SjES]. Hence 
the locus of Cj is the circumeirole of the triangle SiESj. 

Again, since SjCjESi is a cyclic quadrilateral, the 
angles S3S1E, ECjSj are supplemental. Hence the 
angles SaC3Ci, EC3S, are supplemental; therefore the 
points Ci, Cj, E are collinear, and the proposition is 



Cob. 1. — The cireumcircle of the triangle S,'EBi passes 
through S/. For 83' is a particular position of C,. 
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Cor, 2. — The linesCiTi, CjPa, CaP, are eoneurrent, and 
the hew of their point of concurrence is the circle of simi- 
litude. 

The substenoe of this Section is taken from Knthesis, vol, ii., 
page 73. Propoaitiona 1-5 are due to M. G. Tarut, and Pro- 
position 6 to ICedberq. 

1. If in the inTariable triangle he inaerihed triangles equian- 
gular to the triangle of similitude, so that the Tertoi correspond- 
ing to Si will ha on the side PsPs, &c., the centre of similitude 
of the inscribed triangles is the dii'cctor point. 

2. If Vi, Ts, Vs be the centres of the ciicloa which are the 
loci of the points Ci,Cs, Cs; thenthesumof the angles Pi, Si.Vj 
is equal to the sum of Pj, Sj, Vs, equal lo the sum of Ps, S3, Vj, 
equal to two right angles. 



5. Prove that the triangles SiSsSa', SjSsS 



SECTION Y. 
Special Application or the Teeoet of riQUEEs. 

EIEECTLY SiMIlAK. 

1°. Tte Brocard circle. 

Dur. 1. — IfO he the eircumcentre, md K the symme- 
dian point of the triangle ABC, the circle on OK as 
diameter is called the Brocard circle of the triangle. 

Bbf. 2. — If from perpendieulars be drawn to theeide» 
of the triangle ABC, these meet the Brocard circle in three 
other points A', B', C, forming a trimigle, which we shall 
call Brocard's First Triangle. 
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The Brooai'd circle ia called after M. H. Brocard, Chef de 
Bataillon^ who first studied its properties in tte Nouvello Cor- 
respondanoe, Mathematique, tomes lu., iv., v., vi. (1876, '77, '78, 
'7&); andsubeequently in two Papers readbefore tha Association 
Francaise pourlavanoemantdea Sciences, Congrfesd' Alger, 1881, 
find CongrJa de Rouen, 1883. Several Qeometers have since 
studied its properties, especially Neuberg, M'Cay, and Tucker. 

s inversely similar 




Bern. — Since OA' is pcrpondioular to EC, and OB' 
to AC, the angle A'OB' is eqnal to ACB ; but 1^6- III. 
xxi.} A'OB' is equal to A'C'B'. Henoe A'C'B' ia equal 
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to ACB. In like mannei', tlie otlier angles oi tliese 
triangles are equal ; and since they have different 
aspects, they are inversely similar. 

Cob, — The three lines A'K, B'JC, C'K, produced, coin- 
cide tuith Zemoine'$ parallels. For since the angle O'AK 
is right, A'K is parallel to BC. 

Prop 3. — 2'he three lines A'B, B'C, C'A are concur- 
rent, and meet on the Broeari circle, in one of the Bro- 
card ^ints. 

Dem. — Produce BA', CB' to meet in O. Then since 
the perpendiculars from K, on the aides of ABC, are 
proportional to the aides, and these perpendiciilara are 
equal, respectively, to A'XiBTjC'Z, the triangles BA'X, 
CB'Y, A'CZ are equiangular ; .-.the angle BA'Xis equal 
to CB'Y, or [mc. I. XT.] equd to OB'O. Hence the 
points A', fi, B', are concyclic, and .■. EA', CB' meet 
on the Brooard circle. In like manner, BA', AC meet 
on the Brooard circle. Hence the lines A'B, B'C, C'A 
are concurrent, and evidently (Section n., Prop. 6) tho 
point of concurrence is a Brocard point. In the same 
mauner it may be proved that the throe lines AB', BC, 
C'A moot on the Brocard circle in the other Brocard 

Prop. S. — The lines AA', BB', CC are eoneurrcnt, 

Dem. — Since Lemoine's circle, which passes through 
F' and E, HJid Brocard's circle, which pa^ea through 
A' and K, are concentric, the intercept I" A' ie equal to 
KE. Hence the lines AA', AE are isotomic eonrugates 
with respect to tlie angle A. In like manner, BB', BE 
are isotomic conjugatoH with respect to tho angle B, 
and CC and CE with respect to 0. Therefore the 
three lines AA', BE', CC, are conoiirrent : their point 
of concurrence is the isotomic conjugate of K with re- 
spect to the triangle ABC, 

Cob, 1 . — 2^e Brocard points are on the Brocard circle. 

CoH. 2. — The sides of the triangle FHE ai-e parallel to 
the lines Ail, Bfl, CO, respective!^. 
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Dem.— Join DF. Tken since AT" = KE' ; but KE' 
.= DC ; .-. AF = DC. Hence [£ue. I. xsxit,] DF is 
parallel to AC — tliat is, to AO, &c. 

In the eamo manner it may be proved that the sides 
of D'ET are parallel to Afl', ED', CO', respectively. 

Cor. 3.—TAs six sides of Lemoine's hexagon, taken in 
m-der, o/re proportional to sia. (A-ui), sinu, siu(B - oi), 
sin m, sin (C - w), sin lo. 

CoK. 4. — n anA K are the Broeard points of the tri- 
angle DEF, and Q' and K o/D'ET'. 

Coa. &.—The lines ,AA', EB', CC are isogonal con- 
jugates of the lines Ap, Bq, Gr (Sboiiok ii., Paop. 2, 
Cor. 2) mth respect to the triangle ABO. 

Dep. — If the Broeard eircle of the triangle XBC meet 
its sgmmedian lines in thepoints A", E", C", respectively/, 
A"B"C" is called Brocard's second triangle. 

Prop. 4. — Brocard's second triemgle is the triangle of 
similitude of three fig wes, directly similar, described on 
the three sides of the triangle ABC. 

Bern. — Since OK (fig.. Prop. 5) is the diameter oHhe 
Broeard circle, the angle OA"E is right. Hence A" 
is the middle point oi the symmcdian chord AT, and is 
therefore [Section n., Prop. 4, Oors. 1, 6] the double 
point of figures directly similar, described on the lines 
BA, AC. Hence [Section iv., Def. 1] the proposition 
is proved. 

Prop. 5. — Jffigwes directly similar he described on ike 
sides of the triangle ABC, the symmedian lines of the tri- 
angle formed by three corresponding Unea pass through 
the vertices of Brocard's second triangle. 

Dem. — Let bac be a triangle formed by three corre- 
sponding lines, thou bac is equiangular to BAC ; and 
since A" is the double point of figures described on BA, 
AC, and ba, ae are corresponding lines in these figures, 
the line A"a divides the angle bae into parts respec- 
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tively eqnal to those into -whicli A"A divides the anglo 
BAG. Hence A"a is a symmedian line of hac, and 
similarly B"b, C"c are symmedian lines of the same tri- 
angle. 



nf ihe triangle bac is 




Dem. — Because the triangle hac is formed hy three 
homologous lines, and A"B"C" is the triangle of simili- 
tude, and [Section it,, Prop, i] these are in perspeo- 
tiye ; therefore their centre of perspective, K', is a 
point on the circle of similitude, that is, on the Brocard 
circle. 



y Google 



THEORY OF FIGPEES DIRECTLY SIMILAR. 199 

CoE. 2. — The vertices A', B', C of Brocard's first tri- 
angle are ike invariable points of the three figures directly 
timilar, described on the aides of BAC. 

Por the angle KA'K' is equal to KA."K', and tliat is 
evidently equal to CLc from the properties of the simi- 
litude of BAC, hae ; hut A'K is parallel to LC. Hence 
A'K' is parallel to be. In like manner, B'E', C'E' are 
parallel to ac, ab, respectively. Hence A'K', B'E', 
C'K', form a system of three corresponding lines, and 
A', B', C ai-e the invariable points. 

Cob. 3. — The centre of similitude of the triangles bac, 
BAG is a point on the Brocard circle. 

Per since the figures K'bac KBAC are similar, and 
K'a, KA. are corresponding lines of these flp:nres inter- 
aeoting in A the centre of similitude [Section ii.. 
Prop. 4] is the point of intersect on of the circum- 
eircles of the tnangles A aA A KS. b it one of 
these is the Brocaid circle Hence &.l 

CoE. 4. — In hie tianne) it may he shown that the 
centre of similitude of twofigiwes whose sides are two 
triads of eonesponiing hnes of any three figutes direetly 
similar, is a point on the etrele of similitude of the three 
figwes. 

CoE. 5. — If thee corresponding lima be concurrent, 
the locus of their point of concur) ence is the Bbocahd 

ClECLB. 

This theorem due tj M BaociEB la a particular 
case of the theoit.m be tion iy Piop 2 oi of Cor. 1, 
due to M'Cai, 01 of eithei of my theorems, Cors. 3, 4. 

2°. The Wine-points Circle. 

6. Let ABO be a triaiLgle, whose altitudes are AA', 
BB', CC; the triaoigles AB'C, A'BC, A'B'C are in- 
versely similar to ABC. Then if we consider these 
triangles as portions of three figures, directly similar. 
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Fi, Fj, Fj, we taye ttroe triads of homologous points, 
Fi, Fs, F,. 
First triad, A, A', A'; 



W; 



Tbii-d 



The double points A', B', C are the foot of the per- 
pendiculars. Tho three homologous lines, AB', A'B, 
A'B', equal to AB cob A, AB coa B, AB cos C. Hence 
the three homologous lines are proportional to cos A, 
cos B, cos C. 




The three angles a„ a,, a. 

First triad of corres ponding lines ; peipendioulars at 
the middle points of the corresponding lines AB', 
A'B, A'B'. 

Second triad of corresponding lines ; perpendiculars 
at the middle points of the corresponding lines B'C, 
BC, B'C. 
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Third triad oi con'espondiag lines ; perpeudiciilara 
at the middle poiuts ot the corresponding lines O'A., 
C'A', CA'. 

The point of concurrence of these triads ai-e tlie 
middle points A'", W, C" oi the sides of A.BC. 

The point of concurrence of the lines of Fi of these 
triads is the middle A" of AH ; the point of concur- 
rence of the lines of Pj is the middle 3" of £H ; and 
of the lines of I's the middle C" of CH. 

The points A", B", C" are the invariable points. 
Hence the nine points, viz.. A', E', C' (oontros of simi- 
litude) ; A", B", C" (invariable points) ; A'", B'", C" 
(points of concurrence of triads of corresponding lines), 
are ou the circle of similitude. Hence the circle of 
similitude is the nine-points circle of the triangle. 

Hence we have the following theorems : — 

1°. Three homologous lines of the triangles AB'C, 
A'BC, A'B'C form a triangle a/By in perspective tmth 
A'B'C ; the centre of perspective, IX, is on the nine- 
points eirele o/ABC, and it is the eircwmcentre ofajSy. 
For its distances to fjie sides of a/iy are : : cos A : cos B 
: cos C. For example, the Brocaiii lines of the three 
triangles possess this property. 

2°. Lines joining the points A", B", C" to three homo- 
logous points 'Si, Fj, Fa are ooncwrent, and meet on ihe 
nine-points circle of ABC. 

3°. IfF, P„ Pj, Ps 6e corresponding points of the tri- 
angles ABC, AB'C, A'BC, A'B'C, the lines A"S„ 
B"P„ C"Ps meet the nine-points drcle of ABC in the 
point which is the isogonal eot^ugate with respect to the 
triangle A"B"C" of the point of infinitg on the line 
Joining P to the etrcamoentre of ABC. 

4°. Mer)/ Une passing through theorthocmtre H meets 
the cweumcireles of the fy-iangles AB'C, A'BC, A'B'C in 
corresponding points. 

b". The lines joining the points A", B", C" to the 
centres of the inscribed circles of the triangles AB'C, 
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A'BC, A/B'G, pass through the point of contact of the 
nine-pomts circle of ABC loith its inscribed circle. 

Dent. — Let bo tlie circumcentre. Join OA, and 
draw A"E parallel to OA, meeting OH in E ; then EA' 
is a radius of the nine-points circle, let AD be the 
bisector of tlie angle BAG ; then the incentres oi the 




triangles ABC, ABC are in the line AD. Let these 
be I, I'. Join I'A". It is required to proye that I'A" 
passes through the point of contact of the nine-points 
circle -with the incircle of ABC. Prom I let fall the 
perpendicular IL on AB, Join LI', It is easy to see 
that the triangle ILI' is isosceles ; — in fact IL is equal 
to LI'. Hence if r be the inradius of the triangle ABC, 
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E the circumradius, we have 2r^ = AI , II', and 
21ir = AI . ID. Heace ?■ : E. ; : 11' l DI. 

Again, through I draw IS' parallel to EA". How, 
since the points I', A", in the triangle AB'C, corre- 
spond to I and in ABC, the angle AI'A"=AIO. 
Hence the angle II'F is et^ual to BIO, and the angle 
I'lF is equal to IDO, because each is equal to DAO. 
Henee the triangles II'F and DIO are equiangular. 
Therefore H' : DI : : IF : DO. Hence IF : DO : : r : E. 
Therefore IF = r. Now since EA" and IF are pa- 
rallel, and are radii respectively of the nine-points 
circle, and incircle of ABC, the line EA" passes through 
their centre of similitude. Sence the proposition is 
proved. 

Similarly, if J' he the centre of any of the meribeA 
circles of the trifmgle AB'C, the Um A"?' passes through 
the point of contact of the nine-points circle o/ABC with 
the corresponding escribed circle. 

1. If Ai, Bi, Ci be iJiB reflexions of the Engular pointe A, B, C 
ot the triangle ARC, with reapeot to tlie opposihj aides, then the 



Ptoye that — 
(r) A, E, C aJ 



(3") Ai, Bi, Ci are the adjoint points. 

(i") The orthocentre of ABC is the director point. 
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2. If thraugh tte orthooentre o£ a triangle be drawn any lino 
L meeting tte sides in A', B', C, the lines tbrougb A', B', C, 
wbioli ara the ireScctiona of L, ■wifli respect to tlis aides of the 

3. If upon the sides of a triangle, ABC, be oonetracted thiee 
triangles, BOA,, CABi, ABCi, sucli that A ia an escentre of BCA,, 
B an eicontre of CABi, C an escenke of ABCi, 

Piove that— 

(1°) The tiiangles BCAi, CABi, ABCi, are directly similar. 

(3°) A, B, C are the double points. 



(4°) Ai, Bi, C] are the adjoint points. 

(5°) Thfl eircumcGntre of ABC is the director poin' 



1 a triangle inversely sinular 
■eof AiBO, AB,C, ABCare 



(1°) The invariable points are the centroids of these triangles. 



(2°) The double points are the interseotiona of the sjinmeaiaDS 
of the triangle ABC with lis circle through; the invaviable 

(3°) The director point is the symmedian point of ABC. 



The application of Tarrj's theory of similar figures contained 
in this Bub'Section, n'ith the exception of the theorems 3° and 5", 
and tJi9 Exercises 2 and 4, ai'e due to Neuberg. The demonstra- 
tion, of 5", given in the tfiit, is neaily the same as one given by 
Mr, M'Cay shortly after I communicated the liooreiu to him. 
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Theost oj? Harmonic PoLzeONS. 

Def. I. — A cyclic polygon of any numher of sides, hav- 
ing a point K in tU plane, auoh that perpendiculars frem 
it on the sides are proportional to the sides, is called a 
harmonic po lygon. 

DBr. n. — The point K is called the symmedian point 
of the polygon. 

Dee. iir. — The lines drawn from K to the angular 
points of the polygon are called its symmedian Unes. 

Bep. iy. — Two figures having the tame symmedian 
lines are called co-symmedian figures. 

Dee, Y.^If he the cireumcentre of the polygon, the 
circle on OK, as diameter, is called its Broeard circle. 

Def. ti. — If the sides of the polygon he denoted ly 
a, h, c, d, . . . and the perpendiculars en them from K 
hy X, y, %, u, . . . then the angle <a, determined hy any 
of the equations x = ^a tan io,y=^h tan <u, &c. , is called 
the Broeard angle of the polygon. 

Prop. I. — The im>erses of the angidwe points of a 
regvia/r polygon of any numher of sides, with respect to 
any arbitrary point, form the angular points of a har- 
monic polygon of the same number of sides. 

Dem. — Let A, B, C ... be the angular points of the 
regular polygon; A', B', C . . . tlie points diametrically 
opposite to them. Kow, inverting from any arbitrary 
point, tlie circumcircle of the regular polygon will 
invert into a circle X, and its diameters AA', BB', 
CC . . . into a coaxal system Y, Y„ Yj, &c ; then 
[VI., Section v., Prop. 4] tlie radical axes of the pairs 
of circles S, T ; X, Yi; X, Y,, &c., are concurrent. 
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Hence, if the inverses of the systems of points A, B, C 
... A.', B', C . . he the systems o^y, . . . a'jS'y' . . ., 
the lines aa', ^^',jyy' ■ . ■ are concurrent. Let their 
connnon point he K ; and since, evidently, the points 
A, B, C, B' form a harmonic system, their inverses, the 
points o, ;8, y, ^, form a harmonic system ; hut the 
line ^^ passes through K. Therefore the perpendi- 
culars from K on the lines a/3, /3y are proportional to 
these lines. Hence the proposition is proved. 

Cor. ] . — If the vertices of a hwmonie polygon of « 
w'ffo* he 1, 2, Z ... n, and K its st/mmedian point, the 
re-entrant polygon formed hy the chords 13, 24, 35, &c,, 
is a harmonic polygon, and E is its symmedian point. 

This is proved hy showing that the perpendiculars 
from K on these chords are proportional to the chords. 

Thus, let A, B, C he any three consecutive vertices ; 
p, p' perpendiculars from E on the lines AE, AC ; and 
let AK produced meet the circumcirele again in A ; 

then it is easy to see that the ratio Tb = Tn '® ec[ual to 
the anharmonic ratio (ABCA'), which is constant, he- 
cause [Book VI., Section iv., Prop. 9] it is equal to 
the corresponding anhaimonic ratloin aregular polygon, 

and —p, is constant. Hence v^ is constant. 
AB AC 

CoE. %.—In the same manner the polygon formed ly 
the chords H, 25, 36 is a harmonio polygon, andK is its 
symmedian point, &c. 

Cob. 3, — The vertices of any trianglemay he eonsidered 
as the inverses of the angular points of an equilateral tri- 
angle. 

Cor. 4, — A harmonic quadrilateral is the inverse of a 
square ; and its symmedian point is the intersection of its 
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Cos. 5. — A harmoTiie quadrilateral is the figure whose 
uertiees are four harmonic points on a circle [Book TI., 
Sect. III., Prop. 9, Cor. 2]. JSence, the rectangle contained 
hy one pa<^ of opposite sides is equal to the rectangle con- 
tained by the other pair."} 

CoE. G. ^1,2, 5 . . . 2ii le the vertices of a har- 
monic polygon of an even mimier of sides, the polygon 
formed hy the alternate vertices 1, 3, 6 . . . 3» - 1 !> « 
hwi-monio polygon, and so is the polygon formed hy the 
vertices 2, 4, 6, . . , 2», and these three polygons have a 
common symmedian point. 

Prop S. — To invert a harmanic polygon into a regular 



—Let AE be a side of tte harmonic polygon, Z 
uracirole, tlie circumcentre, aiid K the sym- 




median point. Upon OE as diameter describe a circle 
OKX ; and let S, S' be tie limiting points of Z and 
OKX; joinSA, SB, and produce, ifaecessary, tomeetZ 
again in A', B'. Then A'B'is the side of a regular polygon. 
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Dem. — Let AB, A'B', produced, intersect in P, 
and meet the line OIC in C, C. Now tho polar of S 
■will pass through P and through S' ; then the pencil 
P(8CS'C') is harmonic. 

.-. 2,'SS' = 1/SC + l/SC = 1/SE + 1/SO. 
Hence (SK - SO) / (SK . SC) - (SC - SO) / (Sff . SO) ; 

.-. EC/SC : OCySC : : SK : SO ; 

or, (K, AB) / (S, AB) : (0, A'B') / (S, A'B') : ; SK : SO. 

But (S, AB) : (S, A'B') : : AB : A'B'. [Book VX., 

Sect. IV., Prop. 6.] 
Hence (K, AB) / AB : (0, A'B') / A'B' : : SK : SO. 

Now, since AB is a side of a harmonic polygon 
whose symmedian point is E, the ratio (K, AB) / AB is 
constant ; and since S, E, are given points, the ratio 
8K : SO is given ; hence tho ratio (0, A'B') / A'B' is 
constant; .-. A'B' is constant. Hence the proposition 
is proved. 

Cor. I. — If toe join the points A, B to S', aniprodwe 
to meet Z again in A'', B", the points A", B" are the 
reflexions of A, B, with respect to the diameter DD' of 
Z. 

Dbf. tii. — 7Sb pomie S, 8' are called the centres of 
inversion of the harmonic polygon. 

CoK, 2,— Tiie centres of inversion of a hwmonie polygon 
are hwMonic conjugates with respect to its eircumcentre 
and symmedian point. 

Observation. — It is evident that this proposition 
gives a new demonstration of Prop. i. It is also plain, 
if, instead of 0, we take a point K' coUinear with 
and K, and repeat the foregoing construction, only 
using E' instead of 0, that we shall have the harmonic 
polygon, whose symmedian point is K, inverted into 
another whose symmedian point is K', 
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Prop. 3. — Ifh he the disianoe of the symmedian point 
"^ from the cireumeenire, and "B. the cireumradiusofthg 
polygon, tan la = \/(l -^K,') cot tt/h. 

Dam.— We have Bef. vi. (K, AB)/AB = 2 tauw; 
and since the polygon wliose side is A'B' is regular, and 
has n sides (0, A.'B')/A'B' = 2 cot tt/k. Hence tan ui ; 
cot irjn : ; SK : SO. Again, since the points 0, K 
are harmonic conjugates to S, S', and 8, S' are inyerse 
points with respect to Z, it is easy to see that 

SK/SO= y(I-S5^=)- 

Hence, taji «i = ^(1 - S^') cot 7r/,re. 

CoE. 1.— S= = E," (1 - tan' <o tan' tt/w). 

CoK. 2. — Jf two harmome polygons of m and n sides 
respectively have a common drcumetrele and aymmedian 
point, the tangents of their JBroeard angles are : : cot jt/bi 
: cot w/b. 

CoE. 3. — Since the aide A'B' of a regular polygon of n 
aides may have any arhitrary position as a chord in the 
circle, it follows that an indefinite numler of harmonic 
polygons of n sides, and having a common symmedian 
point, can he inscribed in the circle. 

Cor. 4. — The anhamtonie ratio of any four consecutive 
vertices of a harmonie polygon is constant. 

Prop. 4. — If Ao, A, . , . A^i he the vertices of a 
harmome polygon of n sides, the chords AjA,^!, AjA„_j 
are concurrent. 

Dem. — Let K be the symmedian point. Join AuK, 
and produce to meet the cir cum circle again in A,,'. 
Tiien the points A^, Ao' are harmonic conjugates with 
respect to the points A,, A„-i (Demonstration of Piop. 1). 
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Hence the line A,A„_i passes tlirougli a, the pole of 
AoAo'. Similarly, AiA,h-i passes through a, &c. Hence 
the proposition is proved. 

CoK. — The vertices AiA„_„ AjA„.j, ^e., form a system 
of points m involution, and points ha. A,,' are the double 
points. Menee the vertices of a harmonic polygon form 
as many systems in involution as it has symmedian Unss. 

Prop. 5. — 2f a transversal through the aymmedian 
point K cuts the sides of the polygon in the points Ei, E, 
. . . E„, and if a point P he talien on it so that 1 / Klti + 
l/ERj . . . = »/KP, the loom ofV is the polar of K with 
respect to the dreumeirele. 




Hem. — Let a he the pole of the symmedian chord 
AhjAo'. Join Ea. It is easy to see that a is one position 
of P. For if n he even, the sides may he distributed 
in pairs, so that the points K, a are harmonic conjngates 
to the points in ■which each pair of sides may be cut hy 
the line Ka. Henco, 

l/KE,i + 1/KB„ = 2/Ka, 
1/KE, + 1/KR„., = 2/Ka, &c. 
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If n be odd, the intercept made by one of the sides 
on Ea is equal to Ka. , Hence, in each case, the enm 
of the reciprocals of the intercepts made by all the sides 
on Ya qual to n/Ka. Therefore a is a point on the 
1 u. f P Similarly, the polo of each symmedian 
In a point on the locus. Hence the loons passes 
th ugh Uie poles of all the symmedian lines; and since 
t m t b a right line [Ex. 62, page 155], it is the 
ghtlu through these points. Hence the proposition 



CoE. 1 . — The point K and Us polar, with respect to tJie 
eircumeirch, are harmonic pole and polar with respect to 
the polygon. (See Salmon's Sigher Cwves, Third 
Edition, p. 115.) 

The harmonic pole and polar are called by Prench 
geometers The Iiemoine point and line of the polygon. 

CoK. 2. — If a harmonic polygon he reciprocated with 
respect to its Lemoine point, the pole of its Zemoine line 
is the mean centre of the vertices of the reciprocal polygon. 

This follows from Prop, 5 by reciprocation. 

Prop. 6. — If the lengths of the sides of a harmonic poly- 
gon be a, h, e, Sfc, and the perpendiculars on them from 
any point P in the Lemoine line be a, fi, y, S^c, then the 
.«m./« + /3;i+y/. + f<„.0. 

Dem.— -Let KP intersect the sides in the points Bi, 
Ej, &c. Then we have 

(]/KRi-l/KP)H-(l/KRj-l/KP)+...(l/KE„-l/ICP)=0. 

Hence 

PRi/KEi + Pli^/KE, + . . . PE„/KB„ = 0. 

Now, if the perpendiculars from K on the sides 
of the polygon be a', /3', ■/, &c., PE./EE, = a/a', 
PEj/KE, = j3l^', &o. Henco a/a' + fij^' + yj-/, &c., 
= ; but a', ff, y', &c., are proportional to a, i, c, &c. 
Hence the proposition is proved. 
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Prop. 7. — If the perpendioula/rs from, the vertiees of a 
harmonic polygon on tti Zemoine line he denoted iy j>i, p^ 
. . , p,„ and the perpendiculara on it from the I^oine 
point jy V, then S (l/?>) = m/tt, 

Detn. — Let LL' (fig., Prop. 2) be the Lemoine line. 
Then, since the points 0, S', K, 8 form a harmomc 
eystem E7O8', 11^0^:'. It'/OS ai'e in AX [Book VI., 
Sect, m., Cor.'] ; that is, OS, OQ, 08 ate in AP. 
Therefore S'S is hiaected in Q. Hence VS is bisected 
inV; and since the points A', A are harmonio conjugates 
to V, S, the lines UA, VV, UA' are in GP [Book VI., 
Sect, ur., Prop. 1]. Therefore AL, VE, A'L' are in 
GP. Hence Al.A'L' = VE^ = S'a' = Oa.E:Q; that 
is,^),. A'L' = jr.OQ,. Therefore A'L77r = Oa/js,. Hence 
SCA'L/tt) - OQ,'S,[l jp). But since A' is the vertex of a 
regular polygon whose centre is 0, 2(A'L') = «OCi. 
Heneo«/7r = 2(I/ij). 

Prop. 8. — If a transversal tMongh the eymmedian point 
(K) meet the sides of a harmonic polygon of a sides in the 
points El, Ej, . . . E,,, and meet the cirmmoircU m P ; 
then 1/EiP + I/E,P , . . 1/E«P = w/KP. 




Dem. — Let (f, i, c, &o., he the lengths of the sides ; 
a, fi, y, &c,, the perpendiculars on them from the point 
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P ; and a', ^', ■/, &c., the perpendiculars from K. 
Then [Book VI,, Sect, iv., Prop. 7] aja + i/^ + cfy + 
&c., = ; but since K ia tho symmedian point, a', ,8', 
y, &c., are proportional to a, b, e, &c. Heaue a'ja + 
^IP + y/y, &c., = 0. Now, o'/a - KiK/EiP = 1 - 
KP/EiP, -with similar values for ^'jj3, &a. Hence, 

M-XP/EiP-KP/KjP . ..~KP/E„P=0; 
therefore 

l/RiP+ 1/E,P . . . 1/K„P = njKE. 

Prop. 9. — If through the symmediim point of a har- 
iMnie polygim a parallel he dravm to the tangent at cmj 
of iti vertioea, the intercut on the parallel between the 
symmeMan point and the point where it meets either of the 
aides of the polygon passing through that vertex is eon- 
stant. 

Bern. — Let AB bo a side of the harmonie polygon, 
AT tiie tangent, KIT the parallel. Produce AE to meet 
tho circle ia A'. Join A'B, and let KX be the per- 




peudicular from K on AB; then EX -^ KU = sin AUK 
= Bin IT AT = sin AA'B = ^AB -f R, Hence EU ^ E. 
= EX -^ ^AB = tan II) (if <u be the Brooard angle of the 
'lence KIT = B tan m. 
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Cor. 1 . — If the polygon consist of n sides there will be 
2n points correspon^ng to TJ, and these points are eon- 
eyoKc. 

CoE, l.—lf to' he the Broeard angle of the hm'tnonic 

polygon ofichich A'B is a side, tan m . tan <u' = — ~ ■ . 

For, draw KV parallel to A'T. It is easy to see 
that the triangles AETJ, VEA' are equiangular. Hence 
KU . KV = AE . K A'— that is, 'B? tan a. . tan to' = AK . 
EA'. 

Prop. 10. — If all the symmediwn lines, EA, KB, &c., 
of a harmonie polygon le divided in the points A", B", 
&c., in a given ratio, and through these points parallels 




he drawn to the fangents at the lertices, each parallel 
meHmq the two stdes pasnng though the corresponding 
vertex, all the points of tnfei section are contyelie, and, 
taken altejnatehf, they form the vertices of two harmonie 
polygons 
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Hem. — Lot KA he divided in A" in tlie ratio I : m. 
Join. A.0, OE, and dra'w A"0' parallel to AO, and let 
A"U be parallel to the tangent AT. Then wc have 

OTP = O'A"' + A"U' ; but O'A" = -^, and A"TJ = 

Ktr j^- = E tan «> p^. Hence {} + mf O'U' = E' 
(P + ffi' tan'd)). Hence OTT is constant. 

Again, if E"V be parallel to the tangent at B, the 
triangle 0'B"V is in evoiy respect equal to 0'A""IT. 
Hence the angle TJO'T is equal to AOB. Therefore 
the points U, V . . . are the angular points of a polygon 
similar to that formed by the points A, B . . . Hence 
they form a harmonic polygon. It is evident, by pro- 
ceeding in the opposite direction from A, that we get 
another harmonic polygon. Hence the proposition ia 
proved. 

Coa. 1. — The intercept which the circle 0' makes on the 
side AB is 2R {I sin A. - m cos A. tm <o)/{l + m), lehere A 
denotes the angle of intersection of the side AB with the 
eircwmeiroh. 

For the perpendiculars from and E on AB are, re- 
spectively, 

E cos A, E sin A tan to, 

and OK is divided in 0' in the ratio vi : I. Hence the 
pcjpendicular from 0' on AE is 

R (Z MS A + m sin A tan m)l{l + m) ; 

and subtracting the square of this from the square of 
the radius of 0' we get 

E' {I sin a ~ lii COS K. tan iofj{l + mf. 
Hence intercept = 2E Q sin A - m cos A tan io)l{l + ai). 
CoE. 2. — By giving special valms to the ratio I : m, 
tee get some interesting results. Thus — 

1°. If Z = we get intercepts proportional to cos A, 
a2 
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cos B, cos C, &c. The circle in this case is that of 
Prop. 9, and m called the Cosine Cihcle of the polygon. 
2°. lll = m, the line OK will be bisected in 0', and 
the circle will be concentric with the Brocard circle. 
This is, hy malogy, called the Leuoinx Cikcle of the 
polygon : i^-wSSS~is' ejMfl? to B sec t», and the intereepU 
wMeh a makei on the aides are proportional to sin (A- (o), 
sin (B - m), S(e. 

3°. If ^ = j» tan w, the intercepts are proportional to 
sin (A - w/4), sin (B - t/4}, Sf-c, and the radius is equal 
B aiii u) cosec (to + 5r/4). 

i°, lil " m tan' ro. The centre of the circle is the 
middle point of the line DD\ its radius is e^ual to Rsinio, 
andtIieintereeptsareproportionalto<ios(&.+'i>),i^os(B+fi>), 
ifc. These will be the projections of QQ' on the sides of the 
polygon. 

5°. I£ the polygon roduco to a triangle, and the ratio 
oil: m ha 

- cosAcosBcosC : I + cos A cos B cos C, 

tho intercepts are, respectively, equal to 

E sin 2A cos (B - C), 

B sin 2B cos (C - A), 

Bsin2Ccos(A-B). 

I%e perpendicidars from the centre on the sides will he 

proportional to coa^ A, cos' B, eos^ C. This is the case of 

Trior's Circle. The ratio I : m expressed m terms of 

la is sin (A - tu) - sJw'A ; sira' A, 

6°. Any Tucker's cirole of the triangle ABC is a Taylor's 
circle of some other triangle having the same eircitmcircle 
and symmedian point. 

For the Tucker's circle of the triangle ABC being 
given, the ratio I : mis given, and from the proportion 
sin (A - <u) - sin'A : sin'A : : I : m, -we get, putting cot 
A = ar, the equation 

x'-cot<D.x'' + ai+(l + Z/m) cosec u - cot « = 0; 
the three roots of whicli axe the cotangents oi the thi'eo 
angles of the required triangle. 
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11. .^'ABC . . ., A'B'C, . . .le two kitiiothelio harmonu 
polygonaof any numher of aides; K their homoth$tic centre ; 
and if consecutive pairs of the sides of A-'B'C . . .pro- 
d}iecd, if necessary, intersect the correspondiny pairs of 
ABC . . . in the pairs of points aa', p^, yy, &o., the 
points an, ^/5', yy', So,, are eoncyclic. 

For, since the figure ^By3'B' is a parallebgraiu, BB' 
is bisected by p^' in B"; and since tho ratio of KB : 
EB' is given, the ratio of KB : KB" is given, and /3^, 
through B", is parallel to the tangent atB, Hence, &c. 

Cob, 1. — If the harmonic polygons of Cor. 2, he qua- 
drilaterals, their circumdrcUs and that of the octagon 
ua'/3,8'yy'SS' m-« coaxal. 




le that the squares o£ the tangents 



For it is easy to aee tuat me squares oi me taugeuus 
IromBtothe eircumcirolesof aa'p^V/^S'.anA A'B'C'D' 
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are in ttie ratio 1:3; and the squares of tangents Erom 
C, D, A to the same circles are in the same ratio. 

CoE. 3. — If the two h(trmome polygons of Cor. 2 Aoos 
an even number of sides, the n points of inierseeiion of the 
sides of the first with the corresponding opposite sides of 
the second, respeetwely, me colUnear. 

Bern. — For simplicity, suppose the figures are qua- 
drilaterals, but the proof is general. Let P be the point 
of intersection ; then the angle ABE = AO'D'. Hence 
ABC'D' is a cyclic quadrilateral. Therefore P is a 
point on the radical axis of the ciroumcireles. Hence 
tho proposition is proved. 

CoE. 3. — In the general case the lines oa', yS/?, yV we 
the sides of a polygon, homothetio with that formed by the 
tangents at the angulca- points A, B, C, &o. Hence it 
follows, if the harmonic polygon KK(j . . . le of an even 
nunther of sides, that the intersections of the lines aa', 
fiS', y-/, taken in opposite pairs, are eolUnea/r, 

Prop. IS. — The perpendieulars from the eireumeentre 
of a harmonio polygon, of any numl^ of sides nonth^ sides, 
meet its Brooard circle in « points, which connect con- 
currently in two ways with the vertices of the polygon. 

This general proposition may be proved exactly in 
the same way as Prop. 2, page 196. 

Dbp. — If the points of concurrence of the lines in this 
proposition be Q, O,', these are called the Eeocakd Poims 
of thepolygon ; and the n points L, M, N, &c., in which 
the perpendiculars meet the Brocard circle, for the same 
reasons as in Cor. 2, p. 194, are called its Ihtaetabi^ 
PoiifTS. Also the points of hiseetion of the symmedian 
chM-ds AK, BE, CE, &c., will be its Double Poimts. 

CoE. 1. — The n linesjoining respectively the invariable 
points L, M, N . , . to n corresponding points of figures 
direct^/ similar desmhd on the sides of the harmonic 
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are conewrrent ; the loom of their point of eoncur- 
rertce is the Broca/rd drele of the polygon. 

Prop, 13. — The centres of similitude of the pmre of 
eonsecntiiie sties of a harmonic polygon form the vertices of 
a h^monic polygon. — (Tabrt.) 

Dem. — Let A be a vertex oi the harmonic polygon, 
K its harmonic pole. Join AK, and produce to meet the 
Brocard circle in M. Join MS, cutting tlie Brooard 
circle in K, and AS, cutting the ciieumoircle in A'. 
Join ON". Now the polar PQ of S passes through the 




intersection of MK and ON ; and since the points P, S 
are harmonic conjngateB to A, A', and S', S to K, 0, 
the pencils Q(SK8'0), Q(8APA'), are equal, and they 
have three common rays, viz. QS, QA, QP, Hence 
their fourth rays, 0,0, Q,A', coincide ; therefore the 
points Q, 0, A' are coliinear. Again, A', being the 
inverse of A with respect to Z, is a vertex of a regular 
polygon inscribed in 2. Hence H" is the vertex of a 
regular yolj-gon inscribed in the Brocard circle ; and 
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therefore M, wliicli is its inyerae, is a vertex of a har- 
monic polygon ; but M ia evidently the middle point of 
the symmedian chord passing through A.. Hence it is 
the centre of similitude of the two ooneeoutive sides 
passing through A. Hence the proposition is proved. 

Prop. 14. — Iffigwei dweef^ similar be deserihed an, 
the sides of a harmmie polygon of am/ number of sides, 
the symmedian lines of the karntonie polygon formed hy 
corresponding linesof these figures pass throwgh the middle 
points of the symmedian chorda of the original figwes. 

This is an extension of Prop. 5, page 197, and may 
be proved exaotly in the same way, 

CoE. i. — Theaymmedianpointof the harmonio polygon, 
formed hy corresponding lines of ftgwrea directly similar, 
is a point on the Broca/rd circle of the original polggon. 

CoE. 2. — The imwrialla points of the original po^gon 
are correspondtftg points of Jigwes directly similar de- 
scribed on its sides. 

COE. 3. — The centre of similitude of the original poly- 
gon, and that formed by any system of eofresponding lines, 
is a point on the Brocard circle of the originS polygon. 

CoE, 4. — The centre of similitude of any two harmonic 
polygons, whose sides respectively are two sets of oorre- 
sponMng lines of figures d/irectly similar, described on the 
sides of the original polygon, is a point on the Brocard 
circle of the original. 



I. 1i the symmedian lines through the vertices A, B, C of a 
triangle meet its circumcirele in tlie points A', B', C, tlie triangles 
ABC, A'B'C are oosjmmediiui. 

For sinoe the liaes AA', BB', CC are conourrent, the six 
points in which they meet the cii'cle are in involntion. Hence 
the anharmonic ratio (BACA') = (B'A'C'A) ; but the flrat ratio is 
harmonic, therefore tie second is harmonic. Hence A'A ia a, 
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symmedian of the triangle A'B'C Similarly, B'B, CO we 
symmedians. 

2. Tlie centres of inversion of a harmonio polygon are the 
limiting points of its oiioumciiole and Brocard circle, and the 
Lemoine line is their radical axis. 

3. The produotof any two alternate sides of a harmonio poly- 
gon is proportional to the product of tie sines of their inclinations 
to their included side. 

Pov if A, B,0,D be four consocutiye vertices, A', B', C, D' lie 
corresponding vortices of a regular polygon, the anharmouio 
ratio (ABCD) = (A'B'C'D'). Hence (AB . CD) / {AC , BD) = 
(A'B' . C'D't / (A'C . B'D'l = (see' ir/n) / 4 ; but AC = 2 K sin 
ABC, BD = 2E Bin BCD. 

Hence (AB . CD)/an ABO . sin BCD = E» ecc' «■/«. 

4. If we invert the aides A'B' {see flg. p. 207) of a regular 
polygon with respeiit to S, we get a oireie passing through AB 
and S. Henoe, if through tbe estremitios of each aide of a 
harmonic polygon cirelea be described passing through either of 
the centres at inversion, these circles cut the cireumciirole at a 
constant angle rjn. 



6. If thro gb th ymm d ai 



. A By t m f 1 pas m th h tb tw 
irsion f h m 01 p 1 1 p g t 

through ts 1 t ach th q 1 gl 



circle ar tb t i har p 1 g 

B. Prove that the centre of similitude of tbo two polygons 
formed by the alternate vertices in Prop. 9 is the symmedian 
point of me original polygon, and tbat the centre of similitude of 
eitber, und the original polygon, is a Brocard point of the 
original polygon. 

10. Prove tbat tbe circles in Ei. 6, described through the sym- 
median point, and thiougb adjacent vertices of a barnionio poly- 
gon, bU touch a cirela coasal with the Brocard circle and the 
circumcircle, and tbat the points of contact are the vertices of a 
harmonic polygon. 
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n. If A, S, CheKny ihrea consecutive Tci-tices of a harm onio 
polygon, whose symmedian point is K, prove, if E' he the Bym- 
median point of the tiiangle AUG, and B' the point where KK' 
intersaota AC, that the anharmome ratio (KB'K'E) is constant. 

12. If through the vertioea A, B, C, fee, of a harmonic poly- 
gon F, he drawn linea making the siime angle ip with the sides 
AB, EC, &o., and in the same direction of rotation, prove that 
the polygon Fj formed by these lines ia a harmonic polygon, and 
aimilar to the original. 

13. If a polygon Pj be f oimed by lines wbich ara the isogonal 
conjugates of Fj, with respett to the angles of Fi, prove that Fs 
is equal to Fj in every respect. 

14. If P], Fb, Fa be considered as three directly similar figures, 
prove that their symniedian points are the invariable points, and 
that the double points are the oireumoentre of F, arui its Brooard 
points. 

18. Tlie symmodian point of a harmonic polygon is the mean 
centre of the feet of isogonal lines drawn from, it to the aides of 
the polygon. 

Tbia follows from the fact tliat the isogonal Knes make 
equal angles with, and are proportional to, the sides of a closed 
polygon. 

la. Tbe square of any side of a harmonic polj-gon is propor- 
tional to tbo rectangle coulained by the perpendiculars from its 
extremities on the harmonic polar. 

17. If fram the angular points of a harmonic polygon tangents 
(], l2, . . . t„ be drawn to its Brocard circle, prove tiat 

18 If ABCD, &c., be a harmonic polygon, fi one of ita 
Brocard points, prove that the linea Afl, Bfl, sc, meet the circiim- 
elrcle again in points which form the vertices of a harmonic 
polygon equal in eveij respect, and fiat A will he one of its 
Brocard points. 

The extension of recent Geometry to a harmonic quadrilateral 
was made by Mr. Tucker in a Paper read before the Mathema- 
tical Society of London, Febmary 12, 1885. His researches were 
continued by Neuberg in Malhesis, vol. v., Sept., Oct., Nov., 
Deo., 1835. The next generaliaoticn was made by me in a Paper 
read before the Eoyal Irish Academy, January 26, 1886, "On 
the Harmonic Hexagon of a Triangle." Both extensions are 
special cases of the theory contained in Ibis section, tlie whole 
of which I discovered since the date of the latter Paper, and 
ivhioh M. Brocard remariis, " pajait Stre le CI 
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. triangle." The following 
.1 Tuoter'a Paper, shows the 
idea of exfetiaion had occurred to tiat geometer: — "I believe 
all these results would hold for a poJjgon in a circle, if the side 
were so related tliat there existed a point whose distances from 
the sides were proportional to the sides." — March, 1886. 

Since the data of the foregoing note, which appeared in the 4th 
Edition of the "Sequel," two Papers on the Harmonic Polygon 
hRTe bean published; one by MM. Nbubbko and Tabry — 
Congreas of Nancy, 1886, Assodaiiim Fran^nise potir I'avance- 
mtnt des Saienees ; the other hy the Ret. T. C. Simmons — Pro- 
ceedings of the Londaii Mathematical Sooiets, April, 1837. lam 
indebted to the formec of these for the demonstration of Prop. 2, 
and to the latter for the enunciation of Prop. 7. With these 
esceptions, and Prop. 13, all that is contained in this Section is 
original. 



SECTION VII. 

Geheral Theoky of Associated Figuhes. 

Def. I. — If any point S in the cirewafermee of a circle 

Z he joined to n Jixed points Ii, Is, . . . I„, on the same 

m-cwmference, and portions IiA,, IjAj . . . I„A„ le 

talten on ike joining lines in given ratios <?„ d^ . . . d„. 




and all mcaswed in the same direction with respect to 



X, a. system of figures directly similar, desoribed t 
I|A[, . IjAj . , . I„A„, is called an associated system, 

Dbp. II. — The points Ii, Ij . . . I„ are called the ii 
variable i>oints of the system. 
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Prop. 1. — The centres of dmilitude of an associated 
system offigm'ee are eencyelie. 

Dem.— -Let the figures bo Fi, Tj, . . . Pn, and I^, I,, any 
two invariable points, A^, Aj the correaponding points 
of E^, r, taken on the lines XI^, XI,. Hence [Sup. 
Sect. II., Prop. 4] the second intersection of the oirele 
Z with the ciroumcircle of the tiianglo XA^A, is the 
centre of Bimilitudc of tho figures Fj„ F,. Hence the 
centre of similitudo of each pair of figures of the as- 
sociated sj^stem lies on Z, that is, on the circle through 
the invanahle points. 

Def, hi. — The ewcle Z, ilwough the invariable points, 
is, on account of the property just proved, called the circle 
of similitude of the system. 

Prop. 3. — The figure formed ly n homologous points is 
in perspective with that formed by the invariable points. 

This foUows from Def. i. 

CoE, — M)ery system of n homologous lines passing 
through the invariable points forms apeneil of conewrent 
lines. 

Prop. 3. — In an assoeiated system of n figures the 
points of intersection of n homologous lines are in per- 
spective with the centres of similitude of the figures. 

Sem. — Let the homologous be Li, Lj, , . . L„, and 
through the invariahlo points draw lines respectively 
parallel to them Then, since these parallels axe cor- 
responding lines of F,, Pj, . . , F„, they are concurrent. 
Let them meet in K. Now, consider any two lines 
Lji, Lj : the perpendiculars on them from K are respec- 
tively equal to their distances from the invariable 
points Ip, Ij, and therefore proportional to the perpen- 
diculars on them from the centre of similitude S,,^ of 
the figures F„ F,. Hence the point of ii 
Ip, Lj, the point K, and S^j, are ooUinear, 
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follows that the lines joining the «.(» + I)/2 intersec- 
tions of Li, Lj, . , , L„ to K pass respeetively through 
the n{n + I)/2 centres of similitude. 

Djsp. IV. — I shall call % tAe perspective centre of the 
polygon formed hy the lines Li, Lj, , . . L„. 

Prop 4. — In an associated system of n figwres, the 
emtre of similitude of any two polygma, G, G', eaeli 
formed by a system of n homologous Hnes, is a point on the 
circle of mrnliiude. 

Dem.— let X, K' be the perspective centres of U, 
C : thus K, K' are corresponding points of G, G', Let 
I bo any of the invariable points. Join IK, IK', and 
let fchc joining lines meet any two coiTesp ending lines 
of G, G', in If, W , then EN, K W aie Lone&pondmg 
lines of G, G' Hence the Lentre of similitude is the 
second mterseftion ot the circumoitcle of the tningle 
INN' with the ciide of similitude Hence the pro- 
position IS pioved 

Prop 6 — The SIX cuiht^ofsimihiudeofan aseoaattd 
system of fow figures taken in pairs are in involution. 

Dem. — Let Li, Lj, Lg, Xj be four homologous lines 
of the figures, and K the perspective centre of the 
figure formed by these lines. Then the pencil from K 
to the six centres of perspective passes [Prop. 3] 
through the three pairs of opposite intersections of the 
sides of the quadrilateral L,, Lj, L3, Xj, and therefore 
forms a pencil in involution. 

Dep. v. — If in an associated system of n figures I",, 
iFj . . . F„ tli^e exist « + 1 points Ai, Aj . . . A„, A„+i, 
such that AiAj, A^, . . . A„A,„i are homologous lines 
of the figures; then the broken line AiAj . . . A„A,h^i is 
called a Takey's LiifE ; and, if A„+i coincidet with Ai, a 

TaKBT's PoLTOOIf. 
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aK=o'iated figm'es is due. See Malht:ais, Tome, ti., pp. 67, 14B, 
lie fiom which this Seotion, esoept propositiona i and 6, is 

Prop 6 — Tf AiAj . . , A„A^i he a Tarrfi Urn, 
Ii, la I„ the vmwriaMe points, then the angle I|AiAi 

= l2A.jAj , . . =I„A„A,^i, and the angle IjAiA, = I^AjAj 
. . . = I„A„,iA„. 

Dem. — By hypothesis the triangles IjA,Ai, IjAjAj 
. . . I„A„A„H fonn an associated system. Hence they 
are equiangular, and therefore the proposition is 
proved. 

Def. VI. — The lines Ajli, Ajlj . . . A„I„ being cor- 
responding Umspassing the invariable points , meet on the 
cirele of simiUt/ude. In like mantis, Ajli, A3I1 . . , 
A„,I„ meet on the ewcle of similitude. The points of eon- 
eurrence are ealled the Broeard points of the system, and 
denoted ly O, 0'. 

Dbp. vn. — The base angles of the eqiiia^igular triangles 
IiAjAj, IjAjAs . . . are called its Brocard angles, and 
denoted by to, ai', m%. I^AiAi by 10, and IiAaAi by to'. 

Def. Tiir. — T/ie perspective centre [Def. iv.] of a 
Tarry's lim, being suck that perpendiculars from it on the 
several parts of thai Una are proportional to the parts, is 
called the symmeddan point of the line. 

Prop 7. — Being given two consecutive sides AiA^, 
AjAs of a Tarry's Um, and its Sroeard angles, to con- 
struct it. 

SoL — Upon A1A2, AjAa construct tvro trianglos 
AiIjAj, AaljA,, having their haae angles equal to lu, a>', 
respectively, viz., AjAiIi = AsAala = <o, and AjAj = 
AjAal, = <a'. Then the vertices Ii, Is are invariahle 
points. The lines A.li, AJj will meet in one of the 
Brocard points O [Def. vi.], and the lines Ajli, Ajl^in 
the other Brooaid point O'. Then tho four points Ii, 
Ij, O, O' are coneyclic, and the circle Z, through them, 
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is the circle of BiiniUtude. Join IlAa. This will meet 
Z ia I3, ■which will be the invariable point correspond- 
ing to the next side, AgAj, of the Tany's line. Join 
D%, and produce to meet tho line AjAj, making with 
ilAj an angle equal to <» in A4. We construct in the 




same manner AjAj, AjAj, &e. Tarry's line, it is ob- 
vious, may be contimied in the opposite sense, AjAsA,, 

CoE. — If one side of a Tarry's line and Us Srocard 
points he gwert, it may be eonstrueted. 

Prop 8. — If the Brocard angles la, to' of a Tarry's Une 
he equal, the points Ai, Aj . . . A^form the vertices of a 



Dem. — From the Invariable points I,, Ij, &e , let 
fall perpendiculars I,Ci, IjCi, &o , on the lines AiAj, 
AsAj, &c. Then, since these perpendiculars are homo- 
logous lines of Fi, F^, they meet on Z Let he tlieir 
point of intersection. How, =mco la = o', tho tiiangle 
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I,A,Aa is isosceles. Hence AiAj is bisected in Ci, and 
OAi = OAj. Similarly OAj = 0^, &c. Hence tlie 
points A|, Aj . . . are concyclic ; and since the polygon 
formed by them has a Bymmediaa point K, it is a har- 
monic polygon. 

Prop. 9. — If the Brocard angles m, w' of a Tarry'e 
line he umpial, it cannot le a closed polygon. 

Dem.— If <o' be > <i>, A,Ci ia > CA- Hence OAi 
> OAj. Similarly OAj > OA3. Hence the points A„ A, 
... are continually approaching 0, Hence the propo- 
sition is evident. 

CoK. — When Tarry' s line has equal Brocard angles, 
its symmedian point is diametrically opposite to on 
the circle of similitude. 

Bor the yai-allels to AjA,, AjAj, &c., throngh the in- 
variable points, meet in K. Now, since IjK, 1,0 are 
respectively parallel and perpendicular to AiAj, tho 
angle OI,K is right. Hence OK ia the diametGr of Z. 



1. If an aesooiated systeni of figi 

c imii ifiTrlp, the figures fornied liy in 

form an, associfiled syatem. 

In tie Eame case, tho figures formed by rociprocatiag them 
the centre of similitude form an aasociatud eyflWin. 

If a seriea of directly simiki tiianglea be inscribed in a 
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7. In three dii'eetly similsi figurea there exists an infinite 
number of triads of correeponding circles wliich haye the same 
radicul axis. 



:e described thrco homologous oircles 



15. In every Byatem of three similar figures, Fj, Fa, Fb, there 
ciists an infinite number of liree homologous segments, AA', 
BB', CC, whose estremilieB are concyclio, and the locus of the 
centre of (lie circle X through flieir eitremities is the circle of 
Bimilitudeof Pi,Fa, Fj. 

14. The Bcjanchon'a point of the hexagon, formed by the 
tangent to X at the points A, E, G, A', B', C is tJie symmedian of 
the segments. 

16. The projections of the cenfie of tte circle X on the 
diagonals of Brionchott's hessgon are the douhlc points of the 
figarea Fi, Fj, Fj. 

I, and the 
I the radii OA, 
meet tliB eegment AA' in Ihe poiuta {a, a') ; and if (i, i'), 
(c, e'j be similarly determined on BB', CC, the aix points are con- 

■, M', CC-, is 



18. Ifthei;nesEA,KA' be dividodinagiven ratio, and through 
the points of ditision lines be drawn respectively perpendioular 
to OA, OA', meeting AA' in the points (a, a'), the points (n, a'), 
and the points similarly determined on BB', CC, are concyclio. 



19. If A, A' he opposite vertices of a cyclic hexagon ; P the 
pole of the chord AA'^ L, L' the points of intersection of the radii 
OA, OA'with the Pascal' si ins of the heiagou; a, a' theprojeo- 
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tions of tie centre on. tlio linea PL, PL'; then (o, a'), and the 
two otter pairs of poiala similarlj determined, are concydie. 

20. Let M, M' be points of the radii OA, OA', euoh that the 
anharmonin ratios (OAML), (OA'M'L') are equal. The projeii- 
(ione of on the lines PM, P'M', and tie other paira of points 
3^tGimined in tho sama manner from the oliords BB', CO', arc 
coBcycHo. 

21. The oircla of similituae of the three directly Bimilar tri- 
angles ABC, FDE, E'F'D' (fig., p. 177) paaaes tiiioiigh the 
Brocard points and Brocard centre of ABO. 

22-25. If 0, J, a be the points of intersection of the correspond- 
ing aides of two equal and directly similar triangles, ABO, A'B'O', 
whose centre of similitude is S ; then, 1", if S be the eitcnm- 
centre of ABC, it is the orthooentre of abc; 2°, if it be the 
incGntre of ABC, it is the circumcentre of aba ; 3°, if S be the 
^mmedia.0 point of ABO, it is tho centroid of abn ; 4", if it be a 
Brocard point of ABC, it is a Brocard point of aic. 

26. State the correEponding propositions for ABC, and the 
triangle formed by the lines joining correBponding Terlicse of 
ABC, A'B'C. 

27. If a oyolio polygon of an even number of sides ABCD, 
&o., tarn round its eiiximncontre into the position A'B'C'D', &c,, 
each pair of opposite sides of the polygon whose Teiticea are the 
intersection of corresponding sides aro parallel. 

28. If a variable chord of a circle divide it homograpHoally, 
prove that there is a fixed point (Lemoine pointj whose distance 
from the choiii is in a constant ratio to its length. 

29. In the same case, prove that there are two Bi-oeard points, 
ft Brocard angle, a Brocard circle, and systems of inyariabla 
points, and double poiuta. 

30. Prave also that the eirelc can be inverted so that the in- 
verses of the extremities of the homographie chords will bo tho 
eati'emitluB of a system of equal ohoi-ds, 
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Mil 



jellaneoiis Exi 



1. If fram the Byramedian point of any triangle perpendicu- 
lars be di'awn to its uide'^ (he hoes joining tteir feet aro at 
right angles to tlio mednna 

3. If ACB be anj tiiangle, CL a perpendicukr on AD ; prove 
tliat AC and BL are divideil proporiionaily by the antiparallel 
to BC through flie eymmedian point 

3. The middle point of any side of a triangle, aud the middle 
point of the ooiiesponding perpendicular, are ooUinear with the 
gymmedian point. 

4. If K be the sjmmedian point, and G the centroid of the tri- 
angle ABO ; then — 1°, the dianietsra of the circum circles of the 
triangles AIKB, BKC, CKA, are inTersely propui-tional to the 
medians; 3°, the diameters of the ciroumcircles of the ti'iangles 
AGB, BGC, CGA are inveisely proportional to AE, BE, CE. 

5. If the base BO of a triangle and its Broeard angle be given, 
the loeui of its vertex is a oirele. (Nbuebkg.) 

Let K be ita syramedian point. Tlirough E draw FE parallel 



Q / 


N 
\ 
\ 
\ 
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>/ 
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M \l 
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/ 
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I L <^ 

.0 BC, cutting the porjendicular AL in M, Mate MN" equal tc 
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How, teoauee the Brooard angle is giTen, the line VE parallel to 
flie base lirough. lie eymmedian point ia gi.TBn in. position. Honce 
QB ia given in position ; therefore MN is given in mBgnitnde. 
Hence 10 is given in magnitude ; therefore is a given point. 
Again, becauee F'E is drawn through tlie flymmedian point, 
BA' + AC* : BC : i AM t ML i therefore 21= + IA' : BI' : : 
MN + NA : MN. Hence BI> : IA= : : MH : HA ; therefore 
IA' = 210 . HA ; and since I,'0 are given points, and QB a given 
line, the lOGua of A is a cirole coaial willi tio point I and lie 
line QR [VI., Section v.. Prop. 1]. 

6. If on a given line BC, and on tho same side of it, he de- 
Borihed six triangles equiangular to a given triangle, the veilicea 
are concyclic. 

7. If from the point I, fig., Ex. 5, tangents be dra«-n to tho 
Heuherg circle, the intercept between the point of contact and I 
is bisected by QB. 



equal to twice tlio Brocard 



13. If the lines joining tho vertices of two triangles which 
have a common centroid be parallel, their axis of peispeGtive 
passes thi-ough the oentroid. (M'CiY.) 
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which are oolHnear), these angles are respecti-vely equal to fhoea 
Bubtended at eitliet Brocard point by the eides of the harmonio 
hexagon. (Ex. 11.) 

16. If two corresportdrng points, D, E of two directly Eimilar 
figures, F], F2, he conjugated polnta with respect to a giren circle 
(S), the locus of each of the points D, E is a circle. 

Dem.— Let S he the double point of Fi, Fj, and let DE in- 
tersect Sin L, M. Bisect DE in N. JoinSff. Then, from the 
property of double pointa, the triangle 8DE ia given in species ; 
therefore the ratio SN : ND is given. Again, because E, D 
(hyp.) are hannonie conjugates with respect to L, M, and N is 
the middle point of ED, ND= is equal to the rectangle NM . NL; 
that is, equal to the aquare of the tangent from N ta the circle X. 
Henoe the ratio of SN to the tangent ft-om IT to X is giyon. 
Hence the locus of H is a circle, and the triangle SND is given 
in species ; therefore the locus of D is a citclo. 

17. If we consider each side of a triangle ABC in succession 
as given in magnitude, and also the Brocard angle of the triangle, 
the triangle formed hy the centres of tie three corresponding 
Keuherg'e circles is in perspectiYe with. ABC. 

18. If in any triangle ABC triangles similar to its oo-sym- 
me^an be inscribed, the centre of similitude of the inscribed tri- 
angles is the Bymmedian point of the original tiiangle. 

19. If figures directly similar he described on the sides of a 
harmonic hesagon, the middle point of each of its symmedian 
lines ia a double point for three pairs of figures. 

20. If Fi, Fi, F3, Fi he figures diieetly similar described on. 
the sides of a harmonio quadrilateral, E its symmedian point, K' . 
K" the eitremitiea of its third diagonal, and if the lines KK', 



Dbp. — The quadrilaUrai formed ly the four mvariahU points of 
a hormonic quadrilateral ie sailed Brooari^s first qaadrilateral, and 
that formed hy the middle points of its diagotiala, and the double 
points H, I, Srocard's second quadrilateral. 

This nomenclature may evidently be ext^ded. 
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23. If the middle point F of the diagonal AC of a harnioniu 
qufldrilateroJ bo joined to the intersection E' of tlie opposite 
aidea AB, CD, the angle APK' is eguBl to the Brooard 
angle. (Neuuebc) 

24 Th 1 n 1 mmg the middle point of any aide of a liar- 
mo qnadnl te al t the middle point of the perpendicular on 
that ad f n the point of intersection of its adjacent sidea, 
pas s thro gh t j mmedian point. 

25 If F F F . . he figures directly similar described on 
the 1 tal m polygon ABC ... of any number of aidea, 
and f 37 h rresponding linea of lieae figures ; then if 
any three of the linos bP^ . . , ' ' " 



26. In the same case, if the figure ABC ... be of an oven 
number of sides, ^e middle points of (he symmedian chords of 
the harmonic polygon aSy . . . coiocide with the middle points 
of the Bjmedian ciiorda of ABC. 

27. If Fi, Fj, Fa be three figures directly aimilar, and Bi, Ej, 
B3 three conesponding points of tbese figures ; then if the ratio 
of two of the sides BiBj ; BjBa of the triangle foimed by these 
points be given, the locus of each is a circle ; and if the ratio 
be varied, the circles form two coaial syatemiS. 

Dem.— Let Si, 82, Sabe the double points ; then the ii'iangles 
SjBiBi, BiBjBj are given in species. Hence the ratios B.Bj : 
SsBs, and BjBs : Si% arc given; and the ratio BiBj t BjBj is 
given by hypothesis. Hence the ratio SsBj : SiBj ia given, and 
therefore the looua of Bj ia a circle. 

28. If tJirough the symmedian point K of a harmoniu polygon 
of « aides be dni'flTi a parallel to any side of the polygon, inter- 
secting the adjacent sides in the points X, Z', and the oiroum- 
ciiiile in y, Y', tiea 4XK . KX' sin^ - = YE . ET'. 
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BiBsBs U giyen : but the for- 
mer rectangle is given; there- 
fore the reotangleSsBi. Silii . 
sin EiBaBs is given ; now, 
tlia angles EiBaSa, SiBjBsara 
given. Hence the angle Bi 
BjBa ± SjBaSi ie given. Let 
its value be denoted by a; 
therefore BiBjBa = « ± Sj 
BjSi. Hence, faking tlie 
upper flign, the problem is re- 
duced to the following. The 
base SgSi ef a triangle SsB^Si 
!i gUien ia magnitude attdposiiion, and the rectangle S3B3 . SiBs . 
««(« — SsBjSi) it givmin magnitude, tofind the li«!taof'&z,-wias^ 
is salved as foUows ; — Upon S3S1 describe a eegment oE a circle 
SoLSi \Sue. III., iKXiir.] containing au angle SjL9i equal to h. 
foinSiL; then thaangleBiSiL ia equal to - SaBsSi. Hence, 
by hypottesia, SjB . SiBj . sin BjSiL is given; but SiBj . sin 
BjSiL is equal to LBj sin a ; therefore the rectangle SsBj . LB2 
is giTen. Hence the locus of B; is a circle. 

30. If Q, U' be the inverses of the Brocard points of a triangle, 
■with respect to its ciroumoircle, the pedal tiiauglea of Q, Q' are — 
1°, equal to one anotter ; 2°, the sides of one are perpendicular 
to the oon'espondiijg aides of the otier ; 3°, each is iaversely 
ainular to the original. (M'CiT.) 

31. If the area of the tiiangle f oimed by three 
lines of three figures dii'ectly aimilar be given, th . 
its sides are circles whose centres are the invariable points of um 
three figures. 

32. If the area of the polygon formed by n correaponding lines 
of ti figurea direefly similar described on the sides of a harmonic 
polygon of n sides be given, the envelopes of the sides are circles 
whoso centres are the invariable points of the harmonic polygon. 

n lines of a haimooic octagon form a 
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^ 34, A', 0' ai 
Bimilar describe 
CC be paiallel, llio loci ot the poiats A, C are circles. 

Dem. — Let S be the double point of the figures, and D the 
point of Fj, wbich corresponds to C in Fi. Join DA', and pro- 
duce CC to meet it iu E. Wow, since S ia the double point of 
tbe figures ABCC, BCDA', tbe triftnglea SOC, SDA' are equi- 
angular ; therefore tba angle 8CC' is equal to BDA'. Hence tbe 
points 8, D, E, C, are ooncydic ; therefore the angle DEO is 
equal to tbe supplement of D8C ; tbat is, equal to ABC ; there- 
fore DA'A ia equal to ABC, and is givon. Hence tbe looua of 



35. The Brocard angles of the triangles ABC, BOA' are eq 
Dem. — Lot tbe circle about tbe tiiongle DA'A cut AB ii 




Join DF, CP ; tbenthe angle DEB is equal to DA'A [J'hc. IlL, 
xiil] ; tberefore it is equal to BCD. Heneo Uie triangles BCA, 
BCP, BCD are equiangfllar. Hence tbe circle wbioli is tbe looua 
of the vertex when the base BC is given, and the Biocard sngle 
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is ecjual to that of ABO, passes through the points A, F, D. 
Eenoe it coincides with the loem of A. 

36. If C, A', B' ha three corresponding points of figures di- 
rectly similar, dasoribed on the sides of the triangle ABC, and if 
two of the lines AA', BB', CC be parallel, the three arc parallel. 

37. If ABC, A'B'C he two co-symmedian triangles, then 



38. If (1 bo a Brocard point of the triangle ABC, and pi, 
pi, pa the civcuDiradii of the triangles AflB, BaC, CflA ; then 
pipip3 = B?. {TocKBa.) 

39. If fl he a Brooard point of a hannonio polygon of n sides, 
pii Ph P3i &e., the circumradli of the triangles AaB, BaC, CCiD, 
fa. ; than pipspj . . . p„ = 2" cos" ■^S.". 

40. If the line joining two corresponding points of directly 
similar figures, Fj, Fj, Fa, deEcribed on the sides of the triangle 
ABC, pass through the controid, the three corresponding points 
are colJinoar, and the locus of eaoli ia a circle. 

Dem. — Let L|, Dj, collinear with the centioid G,be portespond- 
ing points of Pi, Fa, and let AN, BM, CL be the medians inter- 
secting in G. Join NDi, MDj, and produce to meet parallels to 
DiDi drawn (hrough A, B in tho points A', B'. Now, from 
the oonatruotion NA' = 3NDi, and MB' = 3MD ; and since Di, Dj 
are corresponding points of I'l, Fs; A', B' ore corresponding 
points ; and AA', BB' being each parallel to DiD:, are parallel 
to one another. Again, let Da be the point of Fj which corre- 
sponds to Bi, Bs ; and C that whioh corresponds to A', B' ; then 
the lines AA', BB', CC are parallel; and since LDa = JLC', and 
LG = J^LC ; DaO is parallfd to CO'. Hence Di, Dj, Ds are col- 
linear ; and since the loci of A', B', C are circles, the loci of 
Di, Da, Da are circles. These are called M'Cay'b cii-eles. It is 
evident that each of them passes through two double points, and 
through the centroid. 

41. The polar of the symmedian point of a triangle, with re- 
spect to Lemoine's firat circle, is the radical axis of that circle and 
the circumoircle. 

42. The centre of perspective of the triangles ABC, pqr (Sec- 
tion lo.. Prop. 2, Cor. 2) is the pole of the line na', witb rospoot 
to the Brocard circle. 

43. The asis of perspective of Brocard'a first and second 
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e first, with respect to 

ii. Bjocarri'a firat ttiongla ia ti'iply in perapective witli the 
triaiigla ABC. 

45. Tho centroid of the triangle, fonned by the three eenti-es 
of perspective of Es. 44, ooincidoB with, the eentroid of ABC. 

46-51. In the adjoining fig., AJiCD is a harmonic quiidcilateral. 




E its aymniedian point, M, N, P, Q its invaiiaWe points, &(;.— 
PQ NP_OE 
" AC '^ ED ~ '2E' 
2°. NQ, GF, MP are parallel. 

S\ The pairs of ti'iangles MNP, FHG ; MOP, GHF ; NMQ, 
FIG ; NPQ, GIF are in perspective. The four eentiea of per- 
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■e tangential to a circle c( 



T. The four lines RS, S'E', AB, BC, are conenrrent. 

3". If E' te the pole of AC ; E" of BD, the three pairs of 
poinfaA,C; 8',S| E, E", form an inyolution of which E, E" 
Me the double points. 

4". If through E a pacallsl to t p 1 b dnw m t g th 

four concurrent lines AD, S'R', E& BC h p f p 

the four iutsreepts An, ^E, Ei^, p eq 1 d ml 

property holds for tie mtercopta th p rail 1 m d by th 
lines AB, S'E, E'S, CD. 

66. If two triangles, formed by tw t a3 f p nd g 

points of three figures, Fi, Fj, Fg lire tly mllar b uip pe 
tive, the loeus of thoir centre of p pett tli u 1 f 

similitude of B'l, Fa, Fj. (Taeby.) 

57. If the Bymmedian lines AK, BK, CE, &c., of a harmonic 
polygon of an odd Dumber of sides, be prndui^d to meet the cir- 
cunicircle again in the points A', B', C, &c., tbeae points form 
the vartices'of another haimonio polygon ; and these two poly- 
gone are co-^mmedian, and have the same Brocai'd angles, Bro- 
carf points, Lemoine cirtles, cosine eirolea, &o. 

i. If three similar isosceles trianglea BEA', CAB', ABC ha 
ribed on the sides of a tiiangla ABC, prove that the axis of 
perapeotiTe of the triangles ABC, A'E'C is perpendicular to the 
line joining their centre of perspective to the oircumcentre of 
ABO. (M'Cay.) 

if Dernendiculars bo let fall from A. B, 
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60. If the three perpamJioulara of a triangle te eoTresponding 
lines of tliree figures directly similar, the circle whose diameter 
is the line joining tlie centroid to the orthooontre is their circle 
of similitude. 

61. If the base of a triangle he givsn in magnitudo and position, 
and the aymmedian through one of the estremifiea of the base in 
position, the locus of the vertex is a circle which touches that 
sjmmedian . 

62. If through the Erocard point n ttree circles be described, 
each passing through two vertices of ABC, the triangle formed 
by liflir centres has the circumeenke of ABO for one of its Bro- 
oaid points. (Dewdlf.) 

63. If through the Erooaid point f! of a harmonic polygon 
of any numbor of sides oiroles be described, each passing through 
two vertices of the polygon, their centres from the vertices of a 
harmonic polygon are Eiailar to tie original. 

64. In the same manner, by means of the other Brocard point, 
we get another harmonio polygon. The two polygons are equal 
and in perspeoiive, their centre of perspective being the ciroura- 
centre of tlie original polygon. 

65. In the same oaao, the circumoentre of the original polygon 
is a Brooard point of each of the two new polygons. 

66. If p be the circumrailiua of either of the new polygons, 
the radius of Lomoiue's first cirele of the original harmonio poly- 
gon is p tan 01. 

67-72. If Di, Hi, Da be corri^Bponding points of F,, Fj, Fa, 
three figures directly similar, tho loci of these points are circles 
in the following cases :— 

1". "When one of the sides of the triangle DiDjDj is given in 
magnitude. 

2". When one angle of the triangle DiD^Dj is given in mag- 
nitude. 

3°. When tangents from any two of the points D], Dj, Da to 
a given circle have a given ratio. 

4°. When the sum of the squares of the distances of Di, Dj, 
Dj from given points, each multipliod by a given constant, is 
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6". When fte snni of tie squares of the sides of the triangle 
DiDjDj, eaoh multiplied by a given constant, is giTen. 

6°. When the Brocard angle of the triangle DiDjDa is given. 

73. The poiea of the sides of the tyiangle ABC, with respect lo 
the corresponding M'Cay'B circles, are the vertices of Brocard's 
first triangle. 

74. The mean centre of three corresponding points in the 
system of figures, Ex. 60, for the system of multiplies lij, ij, cj, 
is the symmedian point of the triangle ABC. 

J5. IE from the middle points of the sides of the triangle ABC 
tangents be drawn to the corresponding Heuberg's circles, the 
points of contact lie on two right lines through the centroid of 



77. The orthocentie of a triangle, its symmedian point, and 
the orthocentj-e of its pedal triangle, ai-e coUinear. (E. Van 

AUBEL.) 

78. The peipendiculfli from IIib angular points of the frianglo 
ABC on the sides of Brocard's firat triangle are concurrent, and 
their point of ooncunence (called Tabky'h Point) is on tie 
circumcirde of ABC. 

79. The Simson's line of Tarry's point ia perpendicular to OK. 
SO. The parallels drawn through A, E, C to the sides {B'C 

C'A', A'B'j, or to (C'A', A'B', B'C), or (A'B', B'C, CA'] of 
the first triangle of Brocard, concur in three points, E, E', E". 



81. The triangles EE'E", ABC have the same centroid. {Ibid.) 

82. E is tie point on the oii'cumeii'ole whoso Simson's Ene is 
paraEelto OK. 

83. If from Tarry's point, Es. 78, perpendiculars be drawn to 
the sides BC, CA, AB of the triangle, meeting those sides in (« 
W, as), la, Si, Si), (y, 71, 7s). the points a, Si, 7, are oolliiiear 
(Simson 9 line). So also oi, Si, y, and as, 0, 71 are collinear 
systems. (KEUBBae.) 

84. M'Cay's oirchsa are the inverses of the sides of Brocai-d's 
fli-st ti'iangle, with respect to the circle whose centre is the cen- 
tiTjid of AEO, and which cuts its Brocard circle orthogonally. 



y Google 



U2 A SEQUEL TO EUCLID. 

86. The tangents from ABC to the Ei'ocanl circle are pi'Q- 
poi'tional to «"', 6', e-'. 

86. If the alternate sides of Lemoine's Eexagoii he produced to 
meet, forming a eecond triangle, ita insciibed circle ia equal to 
the nine-pointB circle of the oi'^inal tiiangle. 

87. If K be tho eymmedian point of the triangle ABC, and 
the angles ABK, BCK, OAK be denoted by fli, e„ 63, i-e- 
apectiyely; and the angles BAK, OliK, ACK by ijji, fs, Pi, 
respectively; then cot fli + cot 81 + oot 83 = cot ^i + cot pi 

+ cot *3 = 3 cot ». (TOCKER.) 



39. The middle point of AB, AiBi, an' are collinear [Stoll.) 



ei. If the Brocard circle of ABC iaterseet BO in the points 
M, M', tbe lines AM, AM' are isogonal conjugates with respect 
to the angle BAO. 

93. If fl, fl' be tho Brocard points of a harmonic polygon of 

nsides, aa' = 2E sin a J (eos^w - sin'w . tan' -). 

93. If the polars of the points B, 0, with respect to the Brocaid 
circle of the triangle ABC, intersect the side BC in the points 
L, L', respectively ; the lines AL, AL' are isogonal conjugates 
with respect to the angle BAG, 

94. The reciprocal of any triangle with respect to a cirele, 
whose centre is either of the Brocard poinbi, is a similar triangle, 
haying the centre of reciprocation for one of its Brocard points. 

95. If the angles which the sides AB, BO, CD . . . KL of a 
harmonic polygon subtend at any point of its circumoirclB be 
denoted by a, fl, 7, ... A, the peipendioulars from the Brocard 
points on lie sides are proportional respectively to the quantities, 

and their reciprocals. 

96. The triangle ABC, its reciprocal with respect to the Bro- 
card circle, and the triangle pjr [Section in.. Prop. 2, Cor. 3], 
are, two by two, in perspectdYc, and have a common asis of por- 
spective. 
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07. If the aides AB, BC, CD, DE, &o., of a harmoniu polygon 
of any number of aides, be divided proportionally in the points 
L', M', N', r', &B., tie civcumcirdes of the n triangles L'BiVl', 
M'CN', N'DP', P'EQ', &c., have one point common to all, and 
eacli of them bisects one of tie sjmmedian chords of tlie polygon. 



= Afl- . Bn- . Cll' . . . . = (R sec - sin («)". 

100. If ABCDEF ho a harmonio ieiagon; L, M, N, P, Q, R 
points which divide proportionally the sides AB, BC, CD, &c. ; 
the circles thvough the puics of points L, R; M, ft; H. P, and 
through any common point on the Brocard circle of the hexagon, 

101. If tho lines Afl, Bil, Cfl meet the opposite sides in A', 
B', C, prove that 

A ABC / A A'B'C = (o= + J=) [J' + c') (c3 +«') / (2 a^V). 
y number of sides can be pro- 



gon IS minimum. 

104. Similar isosceles triangles, BA'C, CB'A, AC'S, are de- 
scribed on the sides of a triangle ABC ; then if ABC, and tho 
triangles whose sides are AB', BC, CA' and A'B, B'C, C'A, 
respectively, be denoted by Fi, Fj, Fa, the triangle of similitude 
of Fi, Fa, Fa is nOn', formed by the Brooarl points and ciroum- 
centre of ABO; and their symmedian points are hIbo their in- 
variable points. (NBCBBae.) 

105. If the coaxal system, consisting of the cii'cnmcircle of a 
taimonio polygon of any number of sides, its Brocard circle, and 
their radical axis, he inverted into a concentric system, the radii 
of the three inverse circles ai'e in GP. 

106. If two pairs of opposite summits of a complete quadri- 
lateral ho isogonal conjugates with i-espect to a triangle, the re- 
maining summits are isogonal conjugates. 
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107. Prote a coriosponding pioperty for ieotomio conjugafes. 

108. In fig., p. 207, prove that 



109. If AA', BB', CO' le fixed cLords ot a tirtlo X, and 
circles outline X at equal angles be deaciibed througE tie points 
A, A' ; B, B' ; C, C', reapeotively, the locus of their radical 
centre is a right line. (M'Cat.) 

110. Find the loeus of a point in the plane of a tnangle, whith 
is Hui;h that the tiiangle formed by joining the feet of its perpen- 
diculars may have a given £rocard angle. 

111. If the estromities of the base of a triangle he given in 
position, and also the aymmedian passing through one of the 
eAtremities, the locue of the vertex is a circle. 

112. If through the exti-emities A, B; B, C ; C, D, &c., of 
the sides of a harmonic polygon circles ba described touching tho 
Erooard circle, the contacts being all of the same species, these 
oirclcB cut the circumcircle at equal angles, and are all tan- 
gential to a circle coaxal with the Brocard circle and circum- 

113. The radical axis of the circumcircle and cosine citcles of 
a harmonic quadrilateral passes through the sjmmedian point of 
the quadrOateral. 

114. If the Brocard angles of two harmonic polygons, A, B, ho 
complementary, and if tbo cosine circle of,A be the cirenmeircle 
of B, the oosine circle of B is equal to the circumcircle of A. 

115-117. In the same case, if the cosine circle of B coincide 
with the circumcircle of A ; and n, n' be the numbers of aides of 
the polygons ; ui, a' their Brocard angles ; 5 the d" 
tiieir commoE Brocard circle ; then — 



2°. The Brocard points of A coincide with those of B. 

lis. If fhrough the Tertices of a harmonic polygon of any 
number of sides circles be described, cutting its cirenmeircle and 
Brocard circle orthogonally, their points of intersection with the 
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Brocard circle form the vevticea of a harmomc polygon, and the 
Brocard circle of the latter polygon is coanal with, the Erocard 
circle and circumeirole of the former. 

113. If the symmedian lines AK, BK, CK of a triangle meet 
the sides BC, CA, AB in the points Eo, Es, K,, reepeotively, the 
triangle ABC, its reciprocal with respect to its ciroumoircle, and 
the triangle KaEsKj, have a common axie of perepeotiTo. 

120. If DE he the diameter of the circumcircle of ABC, wMch 
hiseets BC, and Ka be the intersection of the ajmmedian AK 
wiOi BC, the line joining the middle point of BC to K meets the 
lines EKa, DKo, respectively, on the bkeotors, internal and es- 
ter^, of the angle ABC. 

121. If a heptagon oircumsoribed to a circle has for points of 
contact the vertices of a harmonic heptagon, the seven hesagons 
ohtained hy omitting in auccession a aide of the original poylgon 
haye a oommon Brianchon point. 



122. Prove S sin A cos (A + 



123. If be the circumeentre of a harmonic polygon of n 
,:j,. t — „r *u„ i;™4t;-..j points of the circumcircle and 

R cot e, 



124. If ABCD, &o., be a hajmonic polygon, and if a circle 
deaciibed th:-ough the pairs of pointa A, B ; B, C ; C, D, &o., 
tou'h th-> radicil a^iis of the circumcircle and Brocard circle, the 
p mts i i are in involution. 



th 



1 6 Th q drilatetB] formed by any four sides of a harmonio 
p 1 g n IS h, that the angles subtended at either of ilie 
B d p ts by opposite sides, are supplemental. 

127. The reciprocals of two co-aymmedian tiiangles, with re- 
spect to their common symmediau point, ate equiangular. 



Fithr* 



129 Th re proca f a harmonio polygon, -with reapect t( 
either of Bad uls, is a harmoiuG polygon, having tht 
centre of ecpocatinfo one of its Brooard points. 
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130. If two ciiclea, W, W, coaxal with the oiroumcirele and 
Erooard circle of ft harmonic polygon, be inverse to each other, 
with reepeet to the oiremncirele ; then the inTsrsea of the citcum- 
circle and the oirole W, with respect to any point in the cireum- 
fetence of W, are cespeotisely the ciicumcirole and Bi-ocard circle 
of another harmonic polygon whose teitioea are tie inyerses of 
Hm Tertices of the former polygon. 

131. If B' be the radius of fie cosine circle of a harmonic 

S>lygon of n sides ; A, 8, the diamotors of its Lenioine circle and 
rocard circle, reapeoHTely ; tlisn 



182. If the TSrlices of a harmonic polygon of « sides he in- 
verted from any arbitrary point into the vertices of another har- 
monic polygon, the inverses of the centres of inversion of the 
former will be the centres of inversion of the latter. 

133. The mean centre of the vertices of a cyclic quadrilateral 
is a point in the oirnmnference of the nine-point circle of the 
harmonic triangle of the quadrilateral. (Russell.) 

134. Prove that in the plane of any triangle there exist two 
points whose pedal triangles with respect to the given triangle 
are e([mlaterata. 

135. Prove that the loci of the centres of the oireumcircles of 
the figures Fj, Fa, Ex. 13, page 222, are circles. 



137. Prove the following oonEiruction for Steiner'a point R 
(Es. 80). With the vertieesA,B, Oof the triangle as centres, and 
with radii equal to the opposite sides, reEpeotively, describe 
circles. These, it is easy to see, wiU intersect, two by two, 
on the ciroumcircle in points Ai, Ei, Ci. Theu the line joinmg the 
intersection of BC and BiCi to A, will meel " -•.-.■. 

point required. 



1°. Area of A A'B'C = 4 cot a . 4 ABC. 
2". Sum of squares of A'B", B'C, C'A' 

= 8 A ABC (2 cot c - 8). 
3'. If III' he the Brocard angle of A'B'C, 

Cota.' = (2eotu.-3}/(2-cot<u). (Ned 
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■. aA'E'C + aA"B"C" = 8 aABC. 

'. Sum of squares of sides of A'B'C, A"B"C" 

= 32ABCcot». 
'. Sum. of the cotangents of tloir Brocard angles 
= 2OTtiB/(4-cot=«). {lUd.) 

a coasal with the nine- 

LoNQCHAMPs' CiKCLE, 143-158. — Tho oirolo which cuts or- 
thogonally the three circlea of Ex. 137 has been studied by M. 
LoNOCHAHPB in a paper in the Journal de Mathematiquea 8pe- 
eiales for 1866. The propertiefl which he proves both of a epeoial 
nature, and also in connesion with recent geometry, are so in- 
lexesling that wa (hint it right to give some account of them 
here The demonatraliona axe in all eaaea very simplo, and 
form an eieellent eseioise for the student. We shall denote 
Longchamps' circle by the letter L, and the radical axis of it and 
the circumoircle by A. It will be easily aeen that the circle ia 
real only m the tase of obtuse-angled triangles. 

lie. The centre of L is the symmetriqiiB of the orthocentre of 
ABC, with respect to its cii'cumcentre. 

D the diameter of the polar 

148. The cireleLis orthogonal to the circles whose centres are 
the middle points of the sides of ABC, and whoso radii are the 
corresponding medians. 

140. If I, I' be two isotomio points on any side BC of the 
triangle, tbe circle whose centi'e is I and radius AI' belongs to a 
cjaial system. 

150. The line A is the polar of the centroid of the triangle 
ABC with respect to L, 

161. K is the isotfl 
triangle ABC, with rt 

162. K ia parallel to the line which joins the isotomio conju- 
gates of the Brooard points of ABC. 

153. The tjilinear pole of \, with respect to the triangle ABC, 
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155. The eirole desonbed witt the ortho entre as centre anl 
radius equal to the diameter of the eiicumu ole ib ooiiil withL 
and the oin-umoircle 

156. The oirde L the circ imcirole anl the oiroumciroJe of 
the triaagle A B f formed hy diiwing through the veitioes 
of ABC parallels to its sides a e coaxal 

157. The centroid of ABC is one of the cent es of similitude 
of L and tlie polar oucle 

158. The nlioal ai a of the circumurcle inl polai urcle of 
ABC ia parallel to \, and the centroid of ABC d.(idi.a the distaaoe 
Between them in the 2:1. 
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